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Kramers’ theory frames chemical reaction rates in solution as reactants overcoming a barrier in the
presence of friction and noise. For weak coupling to the solution, the reaction rate is limited by the
rate at which the solution can restore equilibrium after a subset of reactants have surmounted the
barrier to become products. For strong coupling, there are always sufficiently energetic reactants.
However, the solution returns many of the intermediate states back to the reactants before the
product fully forms. Here, we demonstrate that the thermal conductance displays an analogous
physical response to the friction and noise that drive the heat current through a material or structure.
A crossover behavior emerges where the thermal reservoirs dominate the conductance at the extremes
and only in the intermediate region are the intrinsic properties of the lattice manifest. Not only
does this shed new light on Kramers’ classic turnover problem, this result is significant for the
design of devices for thermal management and other applications, as well as the proper simulation
of transport at the nanoscale.

Thermal transport is an important process in micro-
and nano-scale technologies. It is often in a precari-
ous position: On the one hand, thermal management
strategies, including the engineering of low-resistance in-
terfaces, become increasingly important as elements in
electronic devices approach the atomic level. On the
other hand, phononics – phonon analogues of electron-
ics – seek tunability and inherently nonlinear behavior to
make functional devices [1]. Thermal transport is thus
at the forefront of nanotechnology research. Its impact
in a broad array of applications has sparked advanced
methods of the fabrication, control, and measurement of
transport in, e.g., carbon nanotubes and single-molecule
junctions [1–3].

Moreover, thermal transport is at the center of one of
the major unresolved puzzles in theoretical physics, the
absence of a derivation of Fourier’s law of heat conduction
from a microscopic Hamiltonian [4–9]. This is related to
the seminal work of Fermi, Pasta and Ulam (FPU) [10–
12], which demonstrated that nonlinearity does not al-
ways lead to thermalization. The considerations of FPU
also apply to the emergence of a well-defined thermal
conductivity. The role of nonlinearity – in addition to
the description of the thermal reservoirs and interfacial
regions – is thus the central topic of many studies exam-
ining thermal transport (see Refs. [5, 13, 14] for recent
reviews).

In this work, we demonstrate that thermal transport
goes through three physically distinct regimes as the cou-
pling to the surrounding environment – the reservoir that
supplies the heat – changes. For weak coupling, energy
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FIG. 1. Thermal conductance and Kramers’ transition rate
problem. (a) Schematic representation of a one-dimensional
lattice of length N , with Nr sites on each side connected to
independent Langevin reservoirs at temperatures TL and TR.
(b) Kramers’ problem where noise assists the escape of a clas-
sical particle from a metastable state. The green contour of
the double-well potential outlines the region where the classi-
cal particle is subject to Langevin dynamics. (c) A modified
double-well potential where the barrier is deformed horizon-
tally into a region (thick black line) where only ballistic dy-
namics occurs, i.e., no friction or noise.

input from the reservoir limits the heat current through
the entire system. For strong coupling, the lattice dy-
namics are distorted by the presence of the reservoir
and this dominates the conductance. Thermal trans-
port is determined by the intrinsic parameters of the
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lattice only in the intermediate regime. These three dis-
tinct regimes exist regardless of whether the system has
a well-defined conductivity or not, as we will show by
theoretically studying paradigmatic examples of thermal
transport [5, 13, 15–17]. The dependence of the thermal
conductance on the coupling strength to the reservoirs is
physically analogous to the friction-induced turnover in
Kramers’ reaction rate problem for chemical reactions in
solution.

RESULTS

The first model we examine is a classical one-
dimensional (1D) uniform lattice of N harmonic oscil-
lators. The Hamiltonian is

H =
1

2

N∑

n=1

mẋ2
n +

D

2

N∑

n=1

x2
n +

K

2

N∑

n=0

(xn − xn+1)2, (1)

where xn is the coordinate of the nth oscillator, m is the
mass, D is the strength of the on-site potential, and K is
the nearest-neighbor coupling constant. The entire lat-
tice is split into three regions: Nr ≥ 1 sites on the left end
(L) and on the right end (R) serve as extended reservoirs
as each site (i.e., oscillator) in these regions is coupled to
its own “external” Langevin reservoir of temperature TL
and TR , see Fig. 1(a). The friction coefficient γ gives
the strength of the coupling to the external reservoirs
and is taken to be the same on the both ends for simplic-
ity. The remaining N − 2Nr sites in the middle comprise
the free lattice (F ). This is a generalization of a widely
used model that sets Nr ≡ 1 [13, 15, 18]. In addition
to being a prototypical model of thermal transport, it is
also relevant to realistic systems, such as the high- and
low-temperature limits of coarse-grained models of DNA
[19, 20], where the on-site potential term represents the
binding of interstrand base pairs.

Figure 2 shows the thermal conductance, defined as
the heat current divided by ∆T = TL − TR, for a long
harmonic lattice with Nr = 100. A detailed description
of the calculation is given in the supplementary infor-
mation. Three qualitatively distinct regimes, which are
labeled (1), (2) and (3), are apparent in the figure. We
start by examining regime (2), where the conductance
depends on γ only very weakly. The magnitude of the
conductance on this plateau coincides with the intrinsic
conductance of the lattice. For the anharmonic lattice
we consider later on, the intrinsic conductance behaves
as ∼ 1/N at large N , so there is a well-defined intrinsic
conductivity in this plateau region, defined as the con-
ductance multiplied by N in the limit N →∞.

Intrinsic conductance. We find the intrinsic con-
ductance of the harmonic lattice by solving an auxiliary
problem of the heat current between two semi-infinite
ballistic (i.e., no friction) lattices. These lattices are ini-
tially disconnected and equilibrated at respective tem-
peratures TL and TR. When connected, the heat current
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FIG. 2. The thermal conductance of a harmonic lattice with
D/K = 1, Nr = 100, and N →∞. The numerical results are
shown as the thick black line. The analytical results for Nr ≡
1, Eq. (5), are plotted as σCL(γ) (red circles) and σCL(Nrγ),
i.e., the horizontal axis is scaled with Nr (blue squares). The

inset shows the dependence of σ on N−2Nr at γ = 0.1
√
mK.

flowing from left to right is JL→R = kBTLl
−1
L

∑
q>0 vq,

where vq is the group velocity of a phonon with momen-
tum q (restricted to phonons moving to the right, i.e.,
q > 0), kB is Boltzmann’s constant, and lL is the length
of the left lattice. Essentially, this expression is just the
amount of classical energy stored in a specific phonon
mode in equilibrium (kBTL), multiplied by its group ve-
locity (vq) and the local phonon density of states (1/lL).
Similarly introducing JR→L, taking the limit lL, lR →∞,
and defining the total current as J = JL→R − JR→L, we
obtain the intrinsic conductance as

σ2 ≡
J

∆T
=
kB
2π

∫

Ω

dq vq =
kB
2π

∫

Ω

dq
dω(q)

dq
=
kBΩ

2π
,

(2)
where Ω = ωmax − ωmin is the phonon bandwidth.
This conductance is also expressible as σ2 = v̄q/2,
where v̄q is the group velocity averaged over the en-
tire band, which gives additional insight into its form.
The eigenmodes of the Hamiltonian, Eq. (1), obey ω2 =[
D + 4K sin2(q/2)

]
/m, so that ωmin =

√
D/m, ωmax =√

(D + 4K)/m, and, therefore, the phonon bandwidth is

Ω =

√
K

m

[√
D/K + 4−

√
D/K

]
. (3)

Accordingly, the intrinsic conductance becomes

σ2 =
kB
2π

√
K

m

[√
D/K + 4−

√
D/K

]
. (4)

The intrinsic conductance is the maximum possible con-
ductance of a harmonic system between two equilib-
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rium reservoirs at different temperatures: No matter how
much energy the reservoirs can pump into the system, the
free lattice itself can not usher the energy from source
(L) to sink (R) faster than the rate allowed by its in-
trinsic conductance. The magnitude of σ2 is plotted in
Fig. 2 (thin dashed line), showing an excellent agreement
with the numerically calculated conductance in regime
(2) (hence the subscript of σ2). We also note that de-
creasing D – the onsite confining potential – and holding
all other factors fixed increases the conductance, an effect
that is observed in models of DNA denaturation [19, 20].
This is purely due to the increasing bandwidth.

Casher-Lebowitz formula. The other two regimes,
(1) and (3), become physically transparent when using
the Casher-Lebowitz formula [15] for a single-site reser-
voir at each end (i.e., Nr ≡ 1)

σCL(γ) =
kBγ

2πm

∫ 2π

0

dq
sin2 q

1 + 2γ2

mK

[
1 + D

2K − cos q
] . (5)

It is readily seen that the small and large γ expansion
of the expression yields σCL ∝ γ and σCL ∝ 1/γ, re-
spectively. In fact, very general perturbative arguments
suggest that these σ ∝ γ and σ ∝ 1/γ regimes are generic
for arbitrary harmonic lattices, as we show in the supple-
mentary information.

Equation (5) is plotted in Fig. 2 as a function of two
different arguments: the bare friction coefficient, σCL(γ)
(red circles), and the scaled friction coefficient, σCL(Nrγ)
(blue squares). As is seen in the figure, they coincide
with numerical results at large and small γ, respectively,
which we will now explain.

Small γ regime. The small γ expansion of Eq. (5)

is σCL = kBγ
2πm

∫ 2π

0
dq sin2 q = kBγ

2m . This expression re-
flects the fact that energy is pumped in/out of the sys-
tem via the end sites at a rate proportional to γ, and this
rate is much smaller (at small γ) than the one the free
lattice can carry intrinsically, σ2. At these conditions
(i.e., kBγ/m� σ2), the heat input by the noise term in
Eq. (14) is so inefficient that the system has enough time
to equilibrate at some global temperature T ′. In this
quasi-equilibrium state the noise-induced heat current
entering the left reservoir is JL = γ

mkB(TL−T ′), and sim-
ilarly for the right reservoir JR = γ

mkB(TR− T ′). At the

steady state J = JL = −JR, which yields T ′ = TL+TR

2 ,
so that the conductance of the entire system becomes
σ = kBγ

2m , in full agreement with the small-γ expansion of
Eq. (5) above.

These quasi-equilibrium-based considerations can be
straightforwardly generalized to the case of extended
reservoirs of arbitrary size Nr yielding

σ1(γ) =
kBNrγ

2m
≡ kBΓ

2m
, (6)

i.e., the heat is pumped into the system at a rate propor-
tional to cumulative friction constant Γ = Nrγ. This is
the reason why Casher-Lebowitz formula (5), once plot-
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FIG. 3. Comparison of numerical (circles, square, diamonds)
and analytical results (dashed lines) in the small Γ regime at
D/K = 1 for different sizes of extended reservoirs, Nr.

ted as a function of the cumulative friction constant,
σCL(Nrγ), coincides with the numerical results in Fig. 2
at small γ. The agreement between Eq. (6) and numer-
ical results in the weak friction regime is emphasized in
Fig. 3 where conductances for a range of Nr exactly over-
laps with kBΓ/2m at small friction.

Eq. (6) is only valid at sufficiently small Γ. When kBΓ
2m

becomes higher than σ2, the free lattice cannot transfer
all the heat the Langevin reservoirs are able to supply.
At that point, i.e., γ ≈ γ12 = 2mσ2/kBNr (marked in
Figs. 2 and 3), the conductance of the overall system
levels off and regime (2) is established.
Large γ regime. The large γ expansion of Eq. (5) is

σ3 =
kBK

2γ

(
1−
√
mD

2K
Ω

)
. (7)

At large γ, the noise term in Eq. (14) can efficiently sup-
ply heat to a lattice site. However, this site is effectively
decoupled from the adjacent sites since the very large
friction overdamps its motion resulting in the reservoir
site becoming “off-resonant” from the rest of the lattice.
We will discuss this in detail in the next section. Heuris-
tically, however, the efficiency of heat transfer from the
reservoir site to the free lattice has to be proportional to
a phonon group velocity and to a time the reservoir site
can stay coherent with the rest of the lattice. The latter
is given by the decoherence time of an overdamped oscil-
lator, 1/γ, so the conductance becomes (averaging over
all phonon modes) σ3 ∝ 1

γ

∫
Ω
dω vq(ω). This coincides

with Eq. (7) up to a constant prefactor.
This heuristic argument is directly applicable to the

case of extended reservoirs (Nr > 1). Indeed, the reser-
voir site directly connected to the free lattice is the one
that excites phonons in the free lattice and the remain-
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ing Nr − 1 reservoir sites (on the left or on the right)
are decoupled from the lattice by at least another order
of 1/γ. This entails that the heat conductance is inde-
pendent of Nr in the large-γ regime, which agrees with
the numerical results in Fig. 2. When σ3(γ) reaches σ2

as γ decreases to γ ≈ γ23 = kBK
2σ2

(
1−

√
mD
2K Ω

)
(marked

in Fig. 2), there is a crossover from regime (3) to (2).
That is, as γ decreases the reservoir site becomes coher-
ent enough to efficiently transfer heat to the free lattice,
so the finite intrinsic conductance of the free lattice, σ2,
becomes the limiting factor.

The plateau and tilt. Regime (2) is just a crossover
point at Nr = 1 [Eq. (5)], but it becomes a pronounced
plateau at Nr � 1 as shown in Fig. 3. This is because
the position of the crossover between regimes (2) and (3),
γ23, does not depend on Nr, but the one between regimes
(1) and (2), does as γ12 ∝ 1/Nr. At sufficiently large Nr
the two crossovers are thus well separated, establishing a
plateau in between.

Closer inspection of the numerical results reveals that
the “plateau” is in fact tilted, see Fig. 4. The linear fit
of this tilted plateau yields an intercept with the γ = 0
axis numerically close to σ2 and the slope independent
(within the fitting accuracy) of any parameters of the
lattice.

We demonstrate below that once Nr → ∞, the con-
ductance becomes σ2 as γ → 0 (the order of taking the
two limits is important: the limit of Nr →∞ is assumed
to be taken first, i.e., Γ = Nrγ → ∞). When γ is fi-
nite, though, the conductance falls off linearly with γ
with a universal slope. This tilt can be understood via
the inhomogeneity of the lattice. For example, connect-
ing lattices that have only partially overlapping phonon
bands results in a poor conductance due to scattering at
the interfaces [21]. In our situation, the phonons in the
extended reservoirs and the free lattice are different be-
cause of a finite phonon lifetime in the former (due to
friction) and an infinite lifetime in the latter. Within
the extended reservoir, each phonon has a spread in fre-
quency δω ≈ γ. This smearing results in imperfectly
overlapping bands at the band edges, which in turn leads
to a decreasing conductance as γ increases.

The more rigorous understanding of the tilt can be
achieved by considering phonon scattering at the inter-
face between a free lattice and a lattice with uniform fric-
tion γ (K and D are the same for both). For a phonon of
frequency ω incoming from the free lattice, the solution
within the free lattice is xn(t) = eiqn−iωt + Ae−iqn−iωt,
where A is the reflection amplitude. The solution in the
lattice with friction is xn(t) = Beiq

′n−iωt, where q′ has a
non-zero imaginary component due to the finite phonon
lifetime. Imposing the boundary conditions, the reflec-
tion amplitude is

A(q) = −1− e−i(q′−q)
1− e−i(q′+q) , (8)

where cos q′ = cos q−iγω/2K and ω = ω(q) is the phonon

dispersion relation for a free lattice. The two limiting
cases are A = 0 at γ → 0 and |A| = 1 at γ → ∞
with 0 < |A| < 1 at any finite γ. This justifies the
heuristic argument above that phonons with and without
friction are indeed different resulting in a finite reflection
amplitude at the friction/frictionless interface. At finite
γ, the reflection is most significant near the band edges
(i.e., within δω ≈ γ of ωmin or ωmax).

In equilibrium at temperature T , the momentum-
resolved current from the free lattice to the extended
reservoir is J(q) = kBTvq [1−R(q)] for q > 0, where
R(q) = |A(q)|2 is the reflection coefficient. It is difficult
to directly evaluate the current from the extended reser-
voir to the free lattice, but in equilibrium this current has
to fully compensate the one entering the reservoir from
the free lattice. Using this correspondence, we can now
write down the current from a reservoir to the free lattice
even at non-equilibrium conditions. This results in the
following set of balance equations for the heat current
through a free lattice between two extended reservoirs,

JL(q)−R(q)J(−q) = J(q),

JR(−q)−R(q)J(q) = J(−q), (9)

where J(q) is the current within the free lattice and JL(R)

is the current from the left (right) reservoirs. For exam-
ple, the first equation states that the current from left to
right within the free lattice equals the current from the
left reservoir plus the portion of “left” current, J(−q), re-
flected by the interface with the right reservoir. Solving
these equations and integrating over all phonon modes,∫ π

0
dq [J(q) + J(−q)], we obtain

σ(γ) =
kB
2π

∫ π

0

dq vq
1−R(q)

1 +R(q)
, (10)

which is similar to Eq. (2), except for the quotient within
the integrand. This quotient is strictly positive and al-
ways less than 1 – it represents the non-vanishing ther-
mal resistance of the interfaces due to phonon scattering
and is known as the Kapitza resistance [22]. The small-γ
expansion of Eq. (10) produces a very simple result

σ(γ) ≈ σ2 −
π

48

kBγ

m
, (11)

shown in Fig. 4 by blue crosses. As is seen, the universal
tilt of −πkB/48m is independent of lattice parameters
(except for mass) and in excellent agreement with nu-
merical results in the plateau region. Furthermore, it
turns out that Eq. (10) evaluated at arbitrary γ (red cir-
cles) does not only exactly reproduce the tilted plateau
but also the high-γ regime (3). In particular, the large-
γ expansion of Eq. (10) results in Eq. (7). Therefore,
Eq. (10) is exact in the limit of Nr → ∞ and is valid
for the “moderate to strong friction” regime. The only
regime it cannot reproduce is regime (1) since the limit
Nr → ∞ has been taken in the scattering calculation,
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FIG. 4. Comparison of the exact numerical results (thick
black line) for the conductance with the semi-analytical result,
Eq. (10), shown by red circles. The model parameters are
D/K = 1 and Nr = 100. Thin dashed line shows σ2. The
inset shows that the semi-analytic result also works in the
large γ regime. For weak friction, Eq. (10) reduces to Eq. (11),
shown by blue crosses.

which stretches the plateau all the way to γ = 0.

Kramers’ theory. The crossover behavior discussed
above is the thermal transport analog of the Kramers’
theory for the classical transition rate of a particle out
of a metastable well in the presence of friction and
noise [23, 24], as depicted in Fig. 1(b) for a double-
well potential. The rate constant for the transition is
k(Eb, γ) = k0(γ)e−Eb/kBT , where Eb is the height of
the energy barrier and the prefactor k0(γ) depends on
γ. Kramers demonstrated that k0(γ) ∼ γ when γ is
small. In general, the energy supplied by the noise to
a particle in a certain well is lost either to friction or
to the particle leaving this well by overcoming the bar-
rier. The latter energy loss channel dominates when γ
is very small so the friction can be essentially neglected.
At these conditions, the transition rate is limited by the
low rate at which noise can supply energy needed for a
particle to overcome the barrier. This rate is linear with
respect to γ, resulting in k0(γ) ∼ γ. This behavior is
indeed analogous to regime (1) in the thermal transport
problem, where the free lattice is very efficient in carrying
heat, so the heat current is limited by the rate at which
the Langevin reservoir can input energy into the system,
Eq. (6).

On the other extreme, as γ becomes very large,
Kramers showed that k0(γ) ∼ 1/γ. In this regime, the
dynamics of the particle in the Kramers’ problem be-
comes increasingly non-ballistic due to the strong fric-
tion and noise. This results in the high probability of
re-crossings, i.e., even if the particle overcomes the bar-
rier and crosses the surface separating the wells, the very
strong noise can still push it back thus preventing its ther-

malization in the new potential well [24]. The probability
of re-crossings grows with γ resulting in k0(γ) ∼ 1/γ.

In order to illustrate the re-crossing phenomenon in
the Kramers’ problem and emphasize its similarity to the
large-γ regime (3) of the thermal transport problem, we
deform the barrier in the Kramers’ problem as shown
in Fig. 1(c). Specifically, we “stretch” the very top of
the barrier into a horizontal ballistic region (i.e., no fric-
tion/noise) of a finite length (this is in contrast with the
example of Section VII.E of Ref. [23], where dissipation
is present everywhere). This modification does not affect
the transition rate since if a particle enters this region
with a certain velocity, it will leave this region with the
same velocity (remember that, within our model, there
is no friction in the horizontal region). The only thing
that changes by adding this “stretching” is the time re-
quired for a particle to cross the barrier – irrelevant in
the steady state.

Once a particle reaches the top of the barrier going
from the left, it propagates freely along the ballistic re-
gion until it reaches the onset of the right well. Upon
hitting this onset, the particle immediately becomes sub-
ject to noise which, if strong enough, can kick it back
to the ballistic region, so the particle might end up in
the the well it originally came from. Thus, the parti-
cle can be thought of as being reflected off the boundary
between ballistic and non-ballistic regions. This is the
phenomenon of re-crossing – the top of the barrier can
be crossed multiple times without thermalization in ei-
ther of the potential wells.

This perspective demonstrates the analogy to thermal
transport at “moderate to strong” γ. Indeed, we were
able to describe the thermal transport in regime (2) and
regime (3), see inset in Fig. 4, by considering reflections
of phonons off the boundary between the free lattice (no
friction) and one of the reservoirs (friction is present).
The ballistic region and the two potential wells in the de-
formed double-well potential are then respective analogs
of the free lattice and the extended reservoirs in the ther-
mal transport problem.

This deep physical similarity between the two prob-
lems, when looked upon from the perspective of par-
ticle (or phonon) reflection, calls for qualitatively sim-
ilar behavior as the magnitude of friction varies. In-
deed, Eq. (10) gives σ ∼ 1/γ at large γ, which matches
k0(γ) ∼ 1/γ in Kramers’ problem. Furthermore, at in-
termediate values of γ, the general Kramers’ solution
reduces to the transition state theory (TST) rate kTST

which does not depend on γ [23, 24]. More accurately,
the Kramers’ rate equals to kTST with negative correc-
tions linear with respect to γ, so that kTST is always an
exact upper limit of the Kramers’ rate. This happens as
well in the thermal transport problem where the conduc-
tance in regime (2) is given by Eq. (11). In this equation,
σ2 – an exact upper limit – is an intrinsic conductance
of the free lattice, which does not depend on friction.

We note that similar arguments can be applied to a
version of the Kramers’ problem where a classical par-
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ticle escapes a single metastable potential well [23]. In
this formulation, Kramers’ problem becomes analogous
to a problem of thermal transport through the interface
between a free lattice and a lattice with uniform friction
studied by us when discussing the tilt of the plateau. In
particular, the low probability of phonon transmission
through the interface between these two lattices at large
γ is analogous to the particle escape rate scaling as 1/γ
in the Kramers’ problem of a metastable potential well.

The appealing picture developed above is based on
very general and intuitive physical arguments and is,
therefore, expected to be valid beyond the specific case of
a uniform harmonic lattice. Indeed, below we discuss the
two important cases of (i) a harmonic lattice with disor-
der and (ii) an anharmonic lattice. We demonstrate the
existence of three distinct regimes of thermal transport
and, therefore, the similarity to Kramers’ problem.

Disordered Harmonic Lattice. The Hamiltonian
for a harmonic lattice with mass disorder reads as

H =
1

2

N∑

n=1

mnẋ
2
n+

D

2

N∑

n=1

x2
n+

K

2

N∑

n=0

(xn−xn+1)2. (12)

The mass disorder is realized by sampling mass uniformly
and independently for each lattice site within the interval
mn = m±δm = m(1.0±0.3), so that the mean mass, m,
is the same as in the non-disordered case, Eq (1). The
central “free” part of the lattice is kept to be N − 2Nr =
60 sites long. The sizes of the extended reservoirs are
Nr =1, 10 and 100 (the same on the left and on the right
in each calculation).

Figure 5(a) shows the heat conductance versus γ for
a harmonic lattice with mass disorder. The presented
numerical results are statistically averaged over the dis-
order. The crossover behavior is indeed present. Fur-
thermore, when Nr increases the plateau starts to form
as it was the case for the homogeneous lattice. How-
ever, the magnitude of the conductance at the plateau,
σ2(dis), is approximately an order of magnitude lower
than σ2(hom) (dashed black line), the latter being the
intrinsic conductance of the homogeneous lattice. This
is due to disorder-induced finite phonon mean free path
being shorter than N − 2Nr = 60, which lowers the con-
ductance.

Anharmonic Lattice. To investigate the crossover
behavior in an anharmonic lattice we examine the ther-
mal conductance in a paradigmatic nonlinear lattice –
the Peyrard-Bishop-Dauxois (PBD) model [25–27]. The
PBD model is a one dimensional lattice that represents
nonlinear fluctuations of DNA as it denatures. Here,
we are primarily interested in the crossover behavior for
a highly nonlinear lattice, rather than the physics of
the denaturation transition where the double helix sep-
arates into two single strands (the transport physics de-
scribed by this model has been discussed elsewhere, see
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FIG. 5. Crossover behavior in disordered and anharmonic
lattices. (a) The thermal conductance of a disordered har-
monic lattice with Nr =1, 10 and 100 (black circles, red
squares and blue diamonds) and N − 2Nr = 60. The system
is the same as that in Fig. 2, i.e., D/K = 1, except for the
mass which is now sampled uniformly and independently for
each site within the interval mn = m(1 ± 0.3). The dashed
line gives the intrinsic conductance for a homogeneous lat-
tice, σ2(hom), demonstrating that the disorder significantly
decreases the heat conductance of the lattice, σ2(dis) at the
plateau. The curve is averaged over 100 to 1000 realizations of
the disorder so that magnitude of the error due to the incom-
plete averaging over disorder is comparable to the thickness of
the lines. (b) The thermal conductance of anharmonic PBD
lattice with Nr = 20 and N = 100 for various average tem-
peratures T . The error bars are computed using the range
of fluctuations of the cumulative current for the final 10 % of
the simulation time.

Refs. [19, 20]). The Hamiltonian takes on the form

H =
1

2

N∑

n=1

mẋ2
n +

N∑

n=1

V (xn) +

N∑

n=0

W (xn, xn+1), (13)

where xn represents the base-to-base distance within the
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nth base pair. The on-site Morse potential V (xn) =

D̃(e−axn − 1)2 represents the hydrogen bonding between

the bases and the coupling term W (xn, xn+1) = K̃
2 (1 +

ρe−b(xn+xn+1))(xn − xn+1)2 gives the stacking interac-
tion. We note that with small amplitude fluctuations
(at low temperature) this model is harmonic with pa-

rameters D = 2D̃/a2 and K = K̃(1 + ρ). Similarly, at
high temperature, the model is harmonic with parame-
ters D = 0 and K = K̃. In between, the model displays
highly nonlinear behavior.

The results of simulations, shown in Fig. 5(b), clearly
demonstrate three regimes of thermal transport. Specif-
ically, σ(γ) ∼ γ and σ(γ) ∼ 1/γ at small and large γ,
respectively. Regime (2), where σ(γ) ≈ constant, is most
pronounced at lower temperatures because the extended
reservoir size is kept fixed and the conductance is lowest
at this point, see the discussion below. We have shown
elsewhere that this regime has a well-defined conductiv-
ity [20].

Unlike the harmonic model, the intrinsic conductance
of nonlinear lattices does in general depend on tempera-
ture. In case of the PBD model, the intrinsic conduc-
tance of the lattice increases as the average tempera-
ture increases across the denaturation transition, which
is apparent in the increase of the conductance plateau.
This increase is due to the decrease in nonlinearity of
the model as the transition is crossed from below. More-
over, the length of the plateau region shortens due to
the increasing conductance. At higher temperatures, the
crossover from Regime (1) to Regime (2) happens at a
larger γ, as the rate of heat input from the reservoir
(∼ γ) has to compete with the intrinsic conductance of
the complete reservoir/lattice system. A similar shift in
the crossover happens for Regime (2) to Regime (3). In
addition to this model, the crossover behavior has been
observed in other anharmonic lattices, such as the FPU
lattice [5]. We note that for anharmonic lattices the heat
conductance can scale nontrivially with the length and
temperature, which will result in an intricate interplay
between these variables, the extended reservoir size, and
the width of the plateau region, as seen in Fig. 5(b).

DISCUSSION

We elucidated the mechanisms behind the crossover
behavior of thermal transport as the strength of cou-
pling to the reservoirs is varied. The evidence suggests
that this behavior is universal, applying to harmonic, an-
harmonic, and disordered systems. It is also guaranteed
to exist in higher dimensional harmonic systems as well,
due to the closed form expression of transport in arbi-
trary lattices. This phenomenon parallels the physical
behavior observed in Kramers’ transition state problem.
Our results illuminate the regime where the intrinsic con-
ductance is manifest. It is in this regime where nonlin-
ear fluctuations, disorder, etc., dominate the conductance

and where thermal transport can be used to probe phys-
ical processes, such as DNA denaturation [19, 20]. We
also note that in many physical systems, the friction co-
efficient γ depends on frequency, giving rise to memory
in the equations of motion [13, 18, 28]. We expect a
crossover to still occur when the overall coupling to the
external reservoirs is tuned. The intermediate regime,
however, may display more complex behavior due to how
the reservoirs affect modes at different frequency scales.
We leave this study for a future investigation.

Moreover, non-equilibrium molecular dynamic simula-
tions is the standard tool in the study of thermal trans-
port in nanoscale systems (see, e.g., refs [3, 29–36]). In
these simulations the strength of coupling to the environ-
ment (in the form of, e.g., Langevin or Nose-Hoover ther-
mostats) is a free parameter. It is relatively innocuous
when a well-defined conductivity exists. However, when
both ballistic and diffusive effects are present – as is the
case at the nanoscale – the choice of this coupling affects
the calculation of the thermal conductance. It thus must
be chosen to appropriately simulate the property of inter-
est, whether it is the thermal conductance of the device or
the intrinsic conductance of the functional system. This
is especially important when extracting scaling exponents
of the conductance versus temperature or lattice length
in nonlinear and disordered systems, as both quantities
nontrivially affect the conductance and the crossover be-
havior can spuriously influence the predicted scaling.

METHODS

Harmonic Lattices. The harmonic lattices we con-
sider are described by Eq. (1). We also connect two addi-
tional sites x0 and xN+1 to the ends of the lattice, which
are fixed at zero. The Langevin equations of motion are

mẍn +Dxn +K[2xn − xn−1 − xn+1] = fn(t), (14)

where the l.h.s. describes the Hamiltonian dynamics and
the r.h.s. is the reservoir-induced noise and friction forces,
fn(t) = ηn(t) − γnẋn(t). The noise ηn(t) and friction
coefficient γn are related by the fluctuation-dissipation
relation

〈ηn(t)ηm(t′)〉 = 2γnkBTnδnmδ(t− t′). (15)

The three regions of the lattice (L, F and R) are encoded
in equations of motion by setting

γn =

{
γ, n ∈ L orR
0, n ∈ F (16)

and Tn = TL or TR for n ∈ L or R, respectively.
Here, a collection of independent (uncorrelated) single
site Langevin reservoirs approximates the contact to the
thermal reservoir [37]. When TL = TR = T , the lat-
tice will relax into an equilibrium state at temperature
T , as guaranteed by the fluctuation-dissipation theorem.
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When TL 6= TR, a heat current will flow (we assume
TL > TR without loss of generality).

The current flowing from site n to n + 1 is given by
[15, 37]

Jn = K〈ẋn+1xn〉, (17)

where the average is over the statistical ensemble. For
n ∈ F , Jn will be independent of n, i.e., Jn ≡ J , in the
steady state.

We note that thermal transport occurs ballistically in
a frictionless harmonic lattice. This results in a diverging
conductivity, which can be defined as limN→∞(N−2Nr)σ
at fixed Nr. However, the conductance, σ, is well defined
and is rapidly converging to its value corresponding to
an infinite lattice, as shown in the inset of Fig. 2. Hence-
forth, we always assume N → ∞ at fixed Nr for homo-
geneous harmonic lattices. Dimensional analysis shows
that the conductance of a uniform harmonic lattice in
the limit N →∞ takes the form (see the Supplementary
Information for the derivation)

σ =
J

∆T
= kB

√
K

m
C

(
D

K
,

γ√
mK

,Nr

)
, (18)

where ∆T = TL−TR and C is a as of yet unknown dimen-
sionless function of three dimensionless arguments. This
expression implies that harmonic lattices with distinct
values of parameters are nevertheless physically similar
if
√
K/m, D/K, γ/

√
mK, and Nr are identical. Such

models can be said to form a “similarity class”. In what
follows, all the figures pertaining to the harmonic case
are plotted in natural units, i.e., γ is plotted in units
of
√
mK, σ is plotted in units of kB

√
K/m, etc. Note

that we use ∆T defined with the external reservoir tem-
peratures TL and TR, as these are the ones typically
set/measured experimentally.

For the anharmonic lattice, the setup is the same as
for harmonic lattices, but with the equation of motion
given by its respective Hamiltonian.
Numerical Methods. For anharmonic lattice the

evolution of the coordinates is computed using the
Brünger-Brooks-Karplus integrator with a time step of
10 fs. The total length of the simulation varies from 0.1
ms to 2 ms depending on the convergence of current. The
temperature difference between the hot and cold reser-
voirs was maintained at 9.3K for all calculations. The
parameters used are same as in Ref. [26], i.e., D̃ = 0.04

eV, a = 44.5 nm−1, K̃ = 4 eV/nm2, ρ = 0.5, b = 3.5
nm−1, and m = 300 u.
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