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We study spinless fermions on a zigzag ladder subjected to staggered on-site potential along both
of its legs. Three insulating phases, including a charge-density-wave at half-filling, and two dimer
insulators at quarter and three-quarter fillings, are identified. The two dimer insulators admit
topological phases at opposite signs of the on-site potential, protected by the underlying mirror-
symmetry. The phases are characterized by a quantized value of the Zak phase as well as of the
entanglement entropy. By performing a projection to the lower and upper two bands separately we
show that the system reveals an emergent chiral symmetry. Using density-matrix renormalization
group simulations, the topological phases are shown to be remarkably robust against any amount of
nearest-neighbor inter-leg as well as intra-leg interactions. Our results are supported by quantum
Monte-Carlo simulations in applicable limits of the ladder.

I. INTRODUCTION

Topological phases of matter have gained enormous in-
terest in condensed matter since their discovery [1, 2]. In
particular, topological insulators (TIs) of non-interacting
fermions are bulk insulators that, in contrast to their con-
ventional counterparts, admit protected gapless surface
states. These surface states are protected by the underly-
ing symmetry of the system, and are robust against any
perturbations as long as the symmetries are respected.

Symmetry-protected topological states are mainly cat-
egorized into two groups based on the symmetry type:
non-spatial symmetries and spatial symmetries. Depend-
ing on the non-spatial internal symmetries of the system,
such as time-reversal, particle-hole and chiral symme-
try, topological phases of non-interacting fermions are
classified in a 10-fold symmetry class [3–6]. Apart from
this conventional classification, recent studies have shown
that lattice symmetries also play a crucial role and can be
solely responsible for the protection of certain topologi-
cal phases. These topological phases, arising from spa-
tial symmetries of the system, are called topological crys-
talline phases [7–11]. One important member of this spa-
tial symmetry group is mirror-symmetry, which has been
demonstrated to give rise to various novel phases [12–22].

While the search for new topological phases is at the
forefront of condensed matter research, the investiga-
tion of topological crystalline phases and their robust-
ness against various perturbations and many-body in-
teractions is in a nascent stage. Artificially engineered
systems, such as cold atoms in optical lattices, provide
precise control over the tunable parameters of the system
and have become a prolific venue for realizing various
phases of non-interacting as well as interacting fermions
and bosons [23–33]. Such systems could therefore provide
a bridge connecting theoretical proposals and experimen-
tal realizations of topological phases.

In this work, we propose and study the properties of
a one-dimensional (1D) model of spinless fermions on a
zigzag ladder exhibiting topological phases protected by
mirror-symmetry. The ladder is subjected to a staggered

on-site potential along both of its legs, and both nearest-
neighbor (NN) and next-nearest-neighbor (NNN) hop-
pings (see Fig. 1). Despite its apparent simplicity, the
model gives rise to a rich phase diagram consisting of
three insulating phases: a charge-density-wave (CDW)
at half-filling and two dimer insulators (DIs) at quarter
and three-quarter fillings. The Berry-phase topological
invariant as well as the bipartite entanglement entropy
identify one of the two DIs as a TI, depending on the
sign of the on-site potential. Furthermore, we obtain
the projected Hamiltonian in the lower and upper two
bands separately which demonstrates an emergent chiral
symmetry that pins the edge states in the middle of the
respective bands. Using density-matrix renormalization
group (DMRG), we find that the topological phases are
remarkably robust against any amount of NN as well as
NNN interactions. The results are supported by quan-
tum Monte-Carlo (QMC) simulations in the limit of zero
NNN hopping, where spinless fermions can be mapped
into hard-core bosons.

The paper is organized as follows. In Sec. II we de-
scribe the model and introduce the various tools we em-
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Figure 1. Top: Pictorial description of the zigzag ladder con-
sidered in the main text. The indices A and B stand for
the two legs of the ladder. The red and black lines represent
the NN (inter-leg) and NNN (intra-leg) bonds with hopping
strength t1 and t2, respectively. The dashed lines indicate the
bonds which connect the ladder across the boundary. Lattice
sites denoted by yellow (blue) circles admit on-site potential
−W (W ). Bottom: Mapping of the zigzag ladder to a 1D
chain.
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ploy to characterize its topological phases. In Sec. III we
detail our characterization considering various settings
with zero and non-zero NNN hopping and in the presence
of NN and NNN interactions. In Sec. IV we conclude. In
App. A we report QMC simulations.

II. MODEL HAMILTONIAN AND
TOPOLOGICAL CHARACTERIZATION

We consider spinless fermions hopping in a zigzag lad-
der with staggered on-site potential W applied along its
legs A and B as depicted in Fig. 1. Each leg of the ladder
consists of N sites. The Hamiltonian of the system can
be written as,

H =− t1
∑
i

(
a†i bi + a†i bi+1 + H.c.

)
− t2

∑
i

(
a†iai+1 + b†i bi+1 + H.c.

)
−W

∑
i

(−1)inAi +W
∑
i

(−1)inBi . (1)

Here a†i (ai) is the creation (annihilation) operator of a

fermion at site i in leg A and b†i (bi) represents the same

in leg B. The operator nAi = a†iai (nBi = b†i bi) denotes the
number operator at site i in leg A (B), and W represents
the strength of the on-site potential. The NN (inter-leg)
hopping is given by t1, while t2 denotes the NNN (intra-
leg) hopping. Under periodic boundary condition (PBC),
the Hamiltonian can be written in momentum space as

H(k) =

 −W −t1 −t2α∗(k) −t1β∗(k)
−t1 W −t1 −t2α∗(k)
−t2α(k) −t1 W −t1
−t1β(k) −t2α(k) −t1 −W

 , (2)

where α(k) = 1 + eik and β(k) = eik. The Hamilto-
nian H(k) is symmetric under the time-reversal oper-
ation and also possesses mirror symmetry. Under the
time-reversal operation, with T being the anti-unitary
time-reversal operator, the Hamiltonian in Eq. 2 be-
haves as TH(k)T−1 = H(−k). In this case, the time-
reversal operator is simply the complex conjugation op-
erator K, i.e., T = K, which satisfies T 2 = 1. On the
other hand, under the mirror symmetry, the Hamiltonian
obeys: MH(k)M−1 = H(−k) where M = σx ⊗ σx is the
mirror symmetry operator. Since the two symmetry op-
erators T and M commute with each other: [T,M ] = 0,
the model is a member of the mirror symmetry class AI
[7], which admits a Z topological number in 1D.

The topological phase can be characterized by the
topological invariant Berry phase, which can be calcu-
lated using the Fukui-Hatsugai-Suzuki algorithm [34],

Z =
1

π
Im

[
log

(
Nc∏
i=1

|U (i)|√
|U (i)||U (i)|∗

)]
, (3)

where the Brillouin zone is discretized in Nc = N/2
unit cells with lattice points ki = −π + 2πi/Nc with
i = 1, 2, · · · , Nc and we have kNc+1 ≡ k1. The elements

of U (i) are calculated as U
(i)
mn ≡ 〈ψm(ki+1)|ψn(ki)〉, with

|ψm(k)〉 being the single-particle eigenvectors of H(k)
participating in the relevant filling, and |U (i)| denotes
the determinant of U (i).

In addition to the Berry phase, we characterize the
phases using the bipartite entanglement entropy. The
entanglement entropy quantifies certain correlation be-
tween two subsystems of a composite system A∪B. It
is defined as SA = −TrB(ρ log ρ), where ρ denotes the
density matrix of A∪B and TrB represents the partial
trace over the subsystem B. The entanglement entropy
has been extensively used to characterize various under-
lying features of both interacting and non-interacting sys-
tems including the characterization of quantum phase
transitions, topological phase transitions, localization-to-
delocalization transitions, and many more [35–42].

For non-interacting particles, a computationally effi-
cient method to calculate the entanglement entropy was
demonstrated in Ref. [43]. The method reduces the com-
plexity of the problem by bringing down an exponential
dependence on the system size to a polynomial depen-
dence. The procedure constitutes of diagonalization of a
two-point correlation matrix, Cmn ≡ 〈c†mcn〉, which in-
herently takes care of the filling factor. Here, c†m(cm)
creates (annihilates) a fermion at site m in the system.
The entanglement entropy is then calculated from the
eigenvalues of the correlation matrix ni as

S = −
∑
i

[ni log ni + (1− ni) log(1− ni)]. (4)

While this formulation is limited to the non-interacting
case, we use DMRG to study the topological properties in
the presence of many-body interactions. The numerical
simulations for the interacting case are performed using
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Figure 2. Energy spectrum with OBC with varying values of
W . The calculations are performed on a ladder with N =
2000 sites in each leg, with t1 = 1.0 and t2 = 0.0.
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Figure 3. Structures of the three insulating phases of Fig. 2 : (a) the dimer insulator at ρ = 1/4; (b) the CDW at half-filling;
and, (c) the dimer insulator at density 3/4. The white (black) circles denote empty (filled) sites with density 0.0(1.0), whereas
the grey circles signify half-filled sites with density 0.5. The red dashed curves represent the formation of dimers. (d) The
corresponding Berry phase as a function of W for filling fractions 1/4, 1/2 and 3/4 with t1 = 1.0 and t2 = 0.0.

the TeNPy Library [44].

III. RESULTS AND DISCUSSION

A. Zero NNN hopping

We first consider the Hamiltonian in Eq. 1 without the
NNN coupling by setting t2 = 0. The energy spectrum
as a function of W under the open boundary condition
(OBC) is shown in Fig. 2. The spectrum mainly consists
of three gapped phases, corresponding to densities 1/4,
1/2, and 3/4. Interestingly, as the sign of W is changed
from negative to positive, an edge state appears in the
middle of the energy-gap at density ρ = 1/4 indicating
a trivial-to-topological phase transition at W = 0. This
scenario is reversed for the insulator at density 3/4, where
a topological to trivial phase transition occurs on chang-
ing the sign of the potential strength W . However, the
insulator at half-filling remains trivial throughout.

In the absence of NNN hopping, the system of spin-
less fermions can be mapped onto a system of hard-core
bosons (HCBs). In order to characterize the three above-
mentioned insulating phases and investigate their under-
lying structures, we employ Stochastic Series Expansion
(SSE) QMC [45, 46] on the HCB system and study the
following order parameters as defined in App. A: the av-
erage HCB density ρ; the structure factor S(Q); and,
the dimer structure factor SD(Q). The results obtained
from QMC calculations, as detailed in App. A, disclose
Fig. 3(a),(b) and (c) as the underlying structure of the
three insulating phases and the origin of these structures
can be understood in the following manner.

In the presence of a staggered potential, half of the
lattice sites in the system (depicted by yellow circles in
Fig. 1) have lower on-site potential (−W ) compared to
the other half. Therefore, upto half-filling the particles
prefer to occupy the lower-potential sites. At 1/4-filling,
it is energetically favorable for the system to form dimers
occupying the two sites in each red dashed curve in Fig.

3(a), so that the particle can further lower the energy of
the system by hopping back and forth between these two
sites. For a finite system, this leads to two edge states at
ρ = 1/4.

For the case of half-filling, all sites with on-site po-
tential −W are completely filled, resulting in a charged-
density wave (CDW) structure as shown in Fig. 3(b).
Finally, at 3/4-filling the sites with lower on-site poten-
tial are completely filled and the rest are half-filled. Now
the particles at these half-filled sites hop back and forth
between the two NN sites inside each red curve and form
dimers as depicted in Fig. 3(c). It is important to note
that there is a major difference between the structures of
the two DIs. In case of the dimer insulator at 1/4-filling
there exists a dimer which involves two edge sites under
OBC. Consequently, for W > 0 this dimer insulator dis-
plays the existence of edge states as depicted in Fig. 2.
However, for the case of ρ = 3/4, the dimers are entirely
formed in the bulk and the edge state does not appear
when OBCs are applied. We should note that when the
sign of the on-site potential is reversed, the appearance of
edge states is also changed. In this situation, the dimer
insulator at ρ = 1/4 contains bulk dimers only, whereas
the insulator at 3/4-filling shows edge states.

The topological invariants corresponding to densities
1/4, 1/2 and 3/4, are shown in Fig. 3(d) as a function of
W . One can see that for the insulator at ρ = 1/4, the
Berry phase is quantized at −1 for positive values of W ,
whereas for negative values of W , it remains zero. The
situation is reversed for the insulator at density 3/4. In
this case, the Berry phase remains zero for all positive
values of W and quantized at −1 for negative W values.
Thus we can identify the DIs at ρ = 1/4 and ρ = 3/4
as TIs for W > 0 and W < 0, respectively. On the
other hand, for the insulator at ρ = 1/2, the Berry phase
remains zero throughout for all values of W , which makes
it topologically trivial.

The presence of these distinct phases and the edge
states can also be characterized by studying the bipartite
entanglement entropy of the ground state. We consider
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Figure 4. (a) Entanglement entropy as a function of W for filling fractions 1/4, 1/2 and 3/4 with OBC. (b,c) ∆S as a function
of W for PBC and OBC respectively. The other parameters are: N = 2000, t1 = 1.0, and t2 = 0.0.
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Figure 5. (a) Energy spectrum as a function of W for a non-zero NNN hopping t2 = 0.5. (b,c) Entanglement entropy as a
function of W for different values of NNN hopping t2 with PBC: (b) for ρ = 1/2; (c) for ρ = 3/4. Here N = 2000 and t1 = 1.0.

the left and right parts of the ladder, constituting an
equal number of sites, as two sub-systems. The entan-
glement entropy for different filling factors with OBC is
plotted in Fig.4(a). For ρ = 1/4, the entanglement en-
tropy increases with increasing W indicating a signature
of quantum phase transition at W = 0, after which it sat-
urates to ln 2 in the topological phase. A reverse trend
can be seen for ρ = 3/4 where the topological phase ex-
ists for W < 0. On the other hand, for ρ = 1/2, we
see a symmetric pattern. To observe the signature of
edge state, we calculate the change in the entanglement
entropy when an additional particle is either added or

removed. We define the quantity ∆S
(±1)
ρ as [42]

∆S(±1)
ρ = S(±1)

ρ − Sρ, (5)

where Sρ is the entanglement entropy at filling factor

ρ and S
(±1)
ρ is the same but with a single particle ei-

ther added or removed. For our calculation, the dif-

ference ∆S ≡ ∆S
(−1)
ρ is calculated by considering the

entanglement entropy at ρ = 1/4, 1/2, and 3/4, and
then removing a single particle from these filling fac-
tors. The behavior of ∆S as function of W is plotted
in Fig. 4(b,c). While under PBC (Fig. 4(b)) the behav-
ior remains the same for all the filling factors, the case
of OBC (Fig. 4(c)) shows similar behavior as that of the
Berry phase (Fig. 3(d)). Specifically, for ρ = 1/4, we
see a transition from ∆S = ln 2 at W < 0 to ∆S = 0
at W > 0; and, for ρ = 3/4, the trend reverses and a
transition from ∆S = 0 to ∆S = ln 2 is observed. These

transitions are taken to signify the presence of edge states
for these filling factors. In contrast, for ρ = 1/2, the be-
havior of ∆S is similar for OBC and PBC, suggesting a
trivial phase at this filling factor.

B. Non-zero NNN hopping

We now consider the case of non-zero NNN hopping.
The energy spectrum for t1 = 1.0 with t2 = 0.5 as a func-
tion of W is plotted in Fig. 5(a). It can be seen that while
the edge state for the filling ρ = 1/4 remains almost un-
changed in the presence of a non-zero t2, a gapless phase
appears at 3/4-filling for small values of W . The same
observation can also be seen from the entanglement en-
tropy plotted in Fig. 5(b,c) for different values of t2. For
the case of ρ = 1/4, we see that the behavior of the en-
tanglement entropy is qualitatively similar for different
values of t2 (Fig. 5(b)) which suggests that the topolog-
ical phase in this filling remains unaffected by t2. For
ρ = 3/4, the quantization of the entanglement entropy
and appearance the topological phase shifts to larger val-
ues of |W | with increasing t2 (Fig. 5(c)). The topological
phase, however, remains stable for large enough value of
the staggered potential W . The robustness of these topo-
logical phases at ρ = 1/4 and ρ = 3/4 can be explained
by the presence of an emergent symmetry.

While the Hamiltonian in Eq. (1) admits a mirror sym-
metry which protects the topological phases, there is no
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Figure 6. Comparison between the exact spectrum and the spectrum obtained from the projected Hamiltonian. Left panel:
the exact spectrum for PBC (blue) and for the lower and upper projected two bands (red, orange, green, purple) as function
of W . Right panel: the spectrum for OBC (purple) and the dispersing centers ε0(k) (blue) and ε′0(k) (orange) with k = π
highlighted (bright blue and red respectively). Here t1 = 1.0, t2 = 0.5, and N = 50.

chiral symmetry in the system. However one can show
that there is indeed an emergent chiral symmetry, for the
lower and upper bands separately, which pins the edge
states to the center of the respective bands. By a pro-
jection to the lower two bands of the system for W > 0
(or the upper ones for W < 0), we can write an effective
Hamiltonian

Ĥproj = ε0(k)τ0 + εx(k)τx + εy(k)τy, (6)

with

ε0(k) = −W −
2t21W + 2t2

(
t21 + 2t2W

)
(1 + cos k)

4W 2 − t21
,

(7)

εx(k) = −t1
[
cos k +

t21 + 2t2 cos k (t2 (1 + cos k) + 2W )

4W 2 − t21

]
,

(8)

εy(k) = −t1
[
sin k +

2t2 sin k (t2 (1 + cos k) + 2W )

4W 2 − t21

]
.

(9)

In Eq. (6) τ0 is the 2 × 2 identity matrix and τi
(i = x, y, z) is the i’th Pauli matrix. The resulting bands
are plotted in Fig. 6 (left panel, purple and red), match-
ing quite well with the exact spectrum for larger val-
ues of |W |. The projected Hamiltonian of the lower two
bands reveals a partial chiral symmetry τz manifesting
a particle-hole symmetry with respect to ε0(k). More-
over, it has a topological number for both positive and
negative larger values of W . Consequently, it admits an
edge state which gets pinned at the middle of the band
gap at 1/4-filling for positive W and at 3/4 filling for
negative W . While the center of the band is dispersing
with energy ε0(k), the edge state gets locked to k = π as
demonstrated in Fig. 6, right panel.

Performing a similar projection to the upper two bands
for W > 0 (or the lower ones for W < 0), we get the

projected Hamiltonian

Ĥ ′proj = ε′0(k)τ0 + ε′x(k)τx + ε′y(k)τy, (10)

where the expressions of ε′0(k), ε′x(k) and ε′y(k) in this
case reduce to,

ε′0(k) = W +

(
2t21W + 2t2

(
2t2W − t21

)
(1 + cos k)

)
4W 2 − t21

,

(11)

ε′x(k) = −t1

[
1 +

(
t21 cos k + 2t2 (t2 − 2W ) (1 + cos k)

)
4W 2 − t21

]
,

(12)

ε′y(k) = −t1
(
t21 − 4t2W

)
sin k

4W 2 − t21
. (13)

The resulting bands are plotted in Fig. 6 (left panel, green
and orange). Therefore the projected Hamiltonian for the
upper two bands also admits a chiral symmetry τz man-
ifesting a particle-hole symmetry with respect to ε′0(k).
In contrast to the previous case, this Hamiltonian has no
topological number in its regions of validity.

C. Effect of interactions

We now study the stability of the TIs in the presence
of many-body interactions. To demonstrate the effect of
interactions we choose the TI at density 1/4; however, we
have confirmed that the TI at ρ = 3/4 behaves exactly
the same way. We consider a NN repulsion between the
fermions by adding the following term to the Hamiltonian
in Eq. (1),

H1 = V1
∑
i

(nAi n
B
i + nAi n

B
i+1). (14)
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Figure 7. Entanglement entropy S as a function of : (a) NN
repulsion V1 with V2 = 0; and, (b) NNN repulsion V2 with
V1 = 5.0, both measured under OBC. The measurements are
performed for four different sets of (W, t2) values detailed in
the legend with N = 400.

Fig. 7(a) shows the variation of the entanglement entropy
S as we tune the NN repulsion strength V1. We consider
various different sets of (W, t2) values. As mentioned pre-
viously, for V1 = 0, the insulator at ρ = 1/4 is topological
(non-topological) in nature for W > 0 (W < 0), for both
zero and nonzero values of t2. We see that in the presence
of NN repulsion, the topological nature of the insulator at
ρ = 1/4 remains unaltered as S remains quantized at ln 2
for all values of V1 (Fig. 7(a)). In contrast, for W < 0,
the topologically trivial insulator remains the same as a
function of increasing V1 with a vanishingly small value
of the entanglement entropy. In fact, one can argue that
the topological nature of the insulator at ρ = 1/4 will
be protected against any amount of NN repulsion. Since
the dimers in the ρ = 1/4 dimer insulator are formed at
every fourth NN bond, the particles forming two neigh-
boring dimers do not feel any repulsion among them. As
a result, the NN repulsion does not interrupt the hopping
process necessary to form dimers. Thus, the topological
nature of the dimer insulator remains intact and unaf-
fected in the presence of any amount of NN repulsion.

We next consider the effect of NNN repulsion by adding
another term in the Hamiltonian, given by,

H2 = V2
∑
i

(nAi n
A
i+1 + nBi n

B
i+1). (15)

In Fig. 7(b) we show the variation of the entanglement

entropy S as a function of the NNN repulsion strength V2
for a fixed value of NN repulsion, V1 = 5. We see that the
effect of NNN repulsion on the dimer insulator is similar
to the effect of NN repulsion. Since the entanglement
entropy remains quantized at ln 2 with varying V2, the
topological nature of the insulator is robust against the
NNN repulsion. As the dimers are formed on every fourth
NN bond, the fermions on two neighboring dimers are
shielded from the NNN repulsion. Therefore, similarly
to the case of NN repulsion, the TI is robust against any
amount of NNN repulsion as well.

IV. CONCLUSION

To conclude, we have considered spinless fermions,
with NN as well as NNN hopping, on a zigzag ladder
subjected to staggered on-site potential along its two legs.
The system reveals the existence of three gapped phases
at 1/4, 1/2 and 3/4 filling-fractions. The insulator at
1/2-filling turns out to be a CDW in nature, whereas the
other two gapped phases are characterized as DIs. One of
these two DIs emerges as a TI, depending on the sign of
the on-site potential W . We have characterized the topo-
logical nature of these insulators using the Berry phase
as well as entanglement entropy. The topological phase
is protected by mirror-symmetry which places the sys-
tem in the AI mirror-symmetry class. Additionally, per-
forming a projection to the lower and upper two bands
separately, we have shown that the system admits an
emergent chiral symmetry which pins the edge states of
the TIs to the middle of the corresponding energy bands.
Interestingly, the TIs observed in our system are robust
against any amount of NN as well as NNN repulsion.
Since the dimers formed in the system are well-separated
from each other, the topological phases become stable
even with longer-range interactions.
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Appendix A: QMC calculations

In this section we detail the QMC calculations and
results obtained therefrom, for a system of HCBs obey-
ing the Hamiltonian given in Eq. (1), in the absence of
NNN hopping. First, we describe the three order pa-
rameters used in QMC calculations, namely: the average
HCB density ρ, the structure factor S(Q), and the dimer
structure factor SD(Q).

The average density of a system containing Ns sites
can be calculated as

ρ =
1

Ns

∑
i

ni, (A1)

where ni gives the number of HCBs (either 0 or 1) at site
i.

The structure factor per site can be calculated as,

S(Q) =
1

N2
s

∑
i,j

eiQ(ri−rj)〈ninj〉, (A2)

where 〈· · · 〉 represents ensemble average and ri denotes
the position of site i. The zigzag ladder can always be
represented as a one-dimensional chain by straightening
the red bonds (bottom panel of Fig. 1 in the main text).
In the above expression for the structure factor we use
the position vectors of this transformed 1D chain and its
corresponding momentum values as Q.

Next, the dimer structure factor is defined as

SD(Q) =
1

N2
b

∑
α,β

eiQ(Rα−Rβ)〈DαDβ〉, (A3)

where Rα denote the midpoints of the NN bonds of the
transformed 1D chain and the dimer operator Dα =
d†αLdαR + d†αRdαL is defined on the α-th NN bond. Here
αL and αR represent the two lattice sites attached to
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this bond and d†αL(dαL) and d†αR(dαR) create(annihilate)
a HCB at these two sites, respectively. The summation
in the above expression runs over the NN bonds in order
to detect the formation of dimers along these bonds only.

Fig. 8 displays the variations of the order parame-
ters, namely the HCB density ρ, structure factor S(π/2)
and dimer structure factor SD(π/2) as a function of the
chemical potential µ for a fixed value of onsite potential
strength W = 4. Here we have set the NN and NNN hop-
ping to be t1 = 1.0 and t2 = 0.0, respectively. It is clear
from Fig. 3(a) that in the absence of NNN hopping, there
exists three incompressible insulating phases correspond-
ing to the three plateaus. To characterize the nature of
these insulators we have calculated the dimer structure
factor SD(Q) and structure factor S(Q) for all values of
Q and identify Q = π/2 to be the one at which both
of them peak. Fig. 3(b) displays the change in SD(π/2)
and S(π/2) as we tune the chemical potential of the sys-
tem. The dimer structure factor shows a peak at densities
1/4 and 3/4 with a value very close to 0.0625, whereas
the structure factor attains a value close to 0.125 at half-
filling. The structures of the three above-mentioned insu-
lating phases are shown in Fig. 1(a),(b) and (c). In terms
of the transformed 1D lattice, both of the DIs consist of
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dimers at every fourth NN bond. Therefore in Fig. 8 the
dimer structure factor peaks at Q = π/2 with a value
0.0625. On the other hand for the CDW at half-filling
the sites in the red dashed curve corresponding to dimers
in Fig. 3 become completely filled, while the rest of the
sites are empty. Therefore, for this structure the dimer
structure factor vanishes completely and the structure
factor attains the maximum value 0.125 at wavevector
Q = π/2 as depicted in Fig. 8.

In QMC calculations the existence of the edge states
is manifested in the following way. For W > 0, under
OBC the variation of the average HCB density ρ as a
function of the chemical potential µ remains unchanged
except for ρ = 1/4. For a ladder with N = 200 sites in

each leg, the plateau at 1/4-filling with PBC splits into
two plateaus corresponding to densities ρ1 = 0.2475 and
ρ2 = 0.2525 once we open the boundary of the system
(inset of Fig. 8(a)). The values of ρ1 and ρ2 depend on the
size of the system. For a system with 2N total number of
sites, the plateau at density ρ splits into ρ1 = ρ−1/(2N)
and ρ2 = ρ+ 1/(2N), such that (ρ2− ρ1)× 2N = 2 gives
the number of edge states in the system. Therefore the
splitting of the plateau under OBC proves the existence
of the edge states in the system. The lower plateau (ρ1)
corresponds to a situation when both of the edge sites are
empty, while the upper plateau (ρ2) signifies a situation
when both of them are occupied.
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