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We look at the influence of external fields on systems described by generic free energy functional of the order
parameter. The external force may have arbitrary spatial dependence and the coupling to the order parameter
may be nonlinear. The treatment generalizes seemingly disparate works, such as pure fluids, liquid and
polymer mixtures, lipid monolayers, and colloidal suspensions in electric fields, fluids and nematics in gravity,
solutions in an ultracentrifuge, and liquid mixtures in laser radiation. The phase lines and thermodynamic
behavior are calculated on the mean-field level. We find a “surface” critical point that can be shifted to
higher or lower temperatures compared to the bulk critical point. Below this point, the transition from a
“gas” phase to a “liquid” phase is first-order, while above it the transition is second-order. Moreover, the
susceptibility may diverge at a finite location r. Several analytical expressions are given in the limit where a
Landau expansion of the free energy is valid.

I. INTRODUCTION

The influence of external fields, such as electric1 or
magnetic fields2, gravity3, shear4, compression and de-
formation fields5, on given systems have been studied
extensively over the decades both theoretically and ex-
perimentally. A microscopic picture of local and global
forces enables one to obtain the dynamical and thermo-
dynamic behavior on a sufficiently large scale using a
coarse-grained order-parameter6,7. While a small field
may change the system’s state slightly, in the thermody-
namic context, the interesting cases occur when the field
is large enough to induce a phase transition. In most
studies, the external field is assumed to be (i) constant
in space, and (ii) the coupling between field and order-
parameter is bilinear, e.g., a term mh in classical mag-
netic (Ising) models8 (m is magnetization and h is the
field amplitude), or a term ρgh in gravity (ρ is a fluid’s
density, g the acceleration on Earth, and h a height above
an arbitrary reference)3.

The influence of Earth’s gravity on pure fluids and liq-
uid mixtures has been studied thoroughly, and gravity
was shown to cause small changes in the behavior close
to the critical point3,9–12. Electric fields have been the
subject of equally extensive study. Strain due to elec-
trostriction is well documented in solids and fluids13,14.
Even in the absence of electrostriction, Landau and Lif-
shitz showed that when a simple fluid is subject to a uni-
form electric field E, if the constitutive relation between
permittivity and density is nonlinear, the critical temper-
ature may shift by a small amount, proportional to E2 1.
Debye and Kleboth15 and later Orzechowski16 measured
the field effect in a mixture of isooctane and nitrobeneze,
and found a small negative shift to Tc of about −15 mK,
with a sign opposite to that expected from the Landau’s
prediction. Beaglehole worked with cyclohexane and ani-
line and found a negative shift17. Early worked on the
same system but found no shift to Tc
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measured the effect on a mixture of n-hexane and ni-
troethane and also found a comparable small negative
shift19. This increased miscibility was later explained by
the increase of free energy caused by permittivity fluctu-
ations, not included in Landau’s treatise20–23,24–26. The
combined effect of both electric and gravitation or cen-
trifugal fields on colloidal suspensions have been studied
as well, leading to nontrivial density profiles27–2930.

The field affects the system’s state as it couples to its
mass or charge densities, magnetic or electrical dipoles,
etc. In equilibrium, the system’s state is given by an
equation expressing energy minimization. In a rigorous
treatment, though, the field obeys a second equation, and
changes in the system affect the field itself. In most mod-
els, this back-action on the field, manifest in the electro-
static case by the existence of Laplace or Poisson’s equa-
tions, is absent, and the field is assumed to be unaffected
by the material on which it acts.

Here we investigate the thermodynamic equilibrium
of a system exposed to a spatially nonuniform external
field. The system is described by a generic phenomeno-
logical coarse-grained order-parameter φ. The expres-
sion for the field is quite general: the spatial dependence
can be arbitrary and the coupling to the order-parameter
is nonlinear. The current framework thus unifies previ-
ous works on different systems, such as pure fluids31,32,
liquid and polymer mixtures33, colloidal suspensions34,
and lipid monolayers35,36 in electric fields, mixtures in
laser radiation37–40, nematic rigid rods in gravity41, and
molecular solutions in an ultracentrifuge42.

II. MODEL

The starting point of our treatment is the following
mean-field free-energy density

f = fb(φ, T ) +
1

2
c2(∇φ)2 +H(φ, r), (1)

where fb is a bulk energy depending on the order-
parameter φ and on temperature T ; it has specific forms
for liquid-liquid, liquid-vapour, or magnetic systems but
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we leave it here in a general form. We are interested in
looking at the shift to the phase lines at all values of T
and especially close to the bulk critical temperature Tc.
fb(φ) is assumed to be convex at all values of φ when
T > Tc and concave at a certain “window” of φ when
T < Tc. H(φ, r) is a function that contains the influence
of the external field. The coordinate r is a distance in
effective one-dimensional systems, i.e., in systems with
Cartesian, cylindrical, or spherical symmetries. There is
a location where the external force attains its maximum.
For the monotonic forces considered below, this point can
be thought of as being a “surface” even in the absence of
a physical surface.

The bulk critical point (φc, Tc) is classically ob-
tained as a solution to the two coupled equations:
∂2fb(φc, Tc)/∂φ

2 = ∂3fb(φc, Tc)/∂φ
3 = 0 for the two

variables φc and Tc. A nonuniform force leads to a
nonuniform profile φ(r). One may then ask: what is the
bulk point (φ0, T ) for which the composition and temper-
ature at the “surface” obey the critical-point conditions?

We focus on external fields that can be written in the
form

H(φ, r) = h(φ)q(r). (2)

For simplicity in the analysis, we assume that h(φ) is
a monotonously decreasing or increasing function of φ
and is independent on T . In addition, q(r) decreases
in absolute value, e.g., q(r) = r−n with n > 0. The
dimensionless distance r is in the range 1 ≤ r ≤ ∞ (r = 1
is the “surface”). Without loss of generality q(r = 1) = 1
and |q(r)| ≤ 1.

III. THREE EQUATIONS FOR SURFACE CRITICAL
POINT AND PHASE DIAGRAM

The equilibrium profile φ(r) obeys the Euler-Lagrange
equation

δf

δφ
=
∂fb
∂φ
− c2∇2φ+

∂h(φ)

∂φ
q(r)− µ0 = 0. (3)

At large distances, q(r →∞) = 0, the external force van-
ishes and we retrieve a bulk system at composition φ0;
hence the bulk chemical potential is µ0 = f ′b(φ0, T ). In
contrast to classical wetting phenomena43, this equation
cannot be integrated because of the r-dependence. It is
instructive to consider first cases where q(r) is charac-
terized by a spatial scale much larger than the typical
interfacial length ∼ c. In this sharp-kink approximation,
the gradient-squared term in f can be neglected and the
free energy is governed by bulk effects. We denote by φs
the surface composition, i.e. φs ≡ φ(r = 1). When φs
satisfies the critical-point conditions it obeys the follow-
ing three equations:

f ′b(φs, T ) + h′(φs)q(r)− µ0 = 0, (4)

f ′′b (φs, T ) + h′′(φs)q(r) = 0, (5)

f ′′′b (φs, T ) + h′′′(φs)q(r) = 0, (6)

We now solve these equations with q(r) = 1 as follows:
We solve Eqs. (4) and (5) simultaneously: Eq. (5) gives
φs; when substituted in Eq. (4), the bulk value φ0 for
the given temperature can be found from the definition of
µ0. Similarly, we solve Eqs. (4) and (6) simultaneously:
φs that solves Eq. (6) can be used in Eq. (4) to give the
corresponding bulk value φ0.

A. Solutions of Eqs. (4)-(6)

FIG. 1. Graphical solution of Eq. (5). When the temperature
is small enough, the intersection of the blue curve (f ′′b ) with

the red cure (−h′′, assumed negative) gives two solutions, φ
(2)
s,a

and φ
(2)
s,b , marked by circles. If the temperature is too high,

Tc−T is small, and there is no solution to Eq. (5). At T = T ∗

(dashed-dot line), φ
(2)
s,a = φ

(2)
s,b and there is one solution to the

equation. Green curve shows −h′′ when it is positive.

Direct solution of equations (4)-(6) is straightforward;
however, to emphasize the general aspects of the solution
and to increase the physical insight, we present here a
graphical construction.

Graphical solution of Eq. (5) and definition of
T ∗. Figure 1 shows f ′′b (φ) when T is sufficiently small
(large Tc − T , dashed blue line) and −h′′(φ) (red line).
The intersection of the two curves is the solution to Eq.
(5). The curves intersect at two compositions, denoted

φ
(2)
s,a and φ

(2)
s,b . We define φ

(2)
s,a > φ

(2)
s,b . The subscript a or

b denotes either solution; the superscript 2 signifies that
they are solutions of the second derivative of f . Each of

the two solutions φ
(2)
s,i (i=a,b) has a different bulk value

of φ0, obtained when it is substituted in Eq. (4). We call

these φ
(2)
0,a and φ

(2)
0,b .

A different behavior occurs if the temperature is not
low enough (alternatively, if the strength of the external
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force |h′′|, is too large), as indicated by the dashed blue
line – in this case the curve do not intersect, hence there
is no solution to Eq. (5). We now define T ∗ as the

temperature at which φ
(2)
s,a and φ

(2)
s,b are equal, see dashed-

dot line in Fig. 1.

FIG. 2. Graphical solution of Eq. (6). The f ′′′b curve looks
typically like the blue curve. Two curves are shown for h′′′ –
for the two cases where h′′′ is either positive or negative. In
both cases there is always a solution (circles).

Graphical solution of Eq. (6). The graphical so-
lution is shown in Fig. 2. Here it is easy to see that one

solution φ
(3)
s always exists. Once this root is known, it

can be substituted in Eq. (4) to yield the corresponding

bulk value φ
(3)
0 .

Graphical solution of Eq. (4). Figure 3 shows

the graphical construction for finding the value of φ
(2)
0,a

and φ
(2)
0,b . The figure has two parts, for two different

temperatures – top panel is for low T and the bottom
is for higher T (both smaller than T ∗). There are two
curves in each part, representing two parts of Eq. (4).
The blue curve is f ′b(φ) + h′(φ) and the green curve is

µ0(φ). The two circles mark the values of φ
(2)
s,a and φ

(2)
s,b .

The solution to Eq. (4) is obtained as the intersection of
the horizontal line at each of these points with the green
curve. At the low temperature, there are three possible

values of φ
(2)
0,b . The correct solutions are marked with

squares, the two other solutions are marked with “*”.
At the higher temperature (bottom panel), there is only

one possible value of φ
(2)
0,b .

Phase diagram. The resulting phase diagram is
shown in Fig. 4. For sufficiently low temperatures, two

solutions to Eq. (5) exist, φ
(2)
s,a(T ) and φ

(2)
s,b(T ) (green

and blue, respectively), and usually they are below the

FIG. 3. Graphical solution of Eq. (4). Blue curve is f ′b(φ) +
h′(φ) and green curve is µ0(φ). The circles mark the solutions

of Eq. (5). The values of φ
(2)
0,a and φ

(2)
0,b can be obtained as

the intersection of the horizontal lines with the µ0(φ) curve.
Top and bottom panels are for low and high temperatures,
respectively (both lower than T ∗).

spinodal curve. As the temperature is elevated, the two
solutions approach each other. At T = T ∗, they merge.

The corresponding bulk composition curves φ
(2)
0,a(T ) and

φ
(2)
0,b(T ) (dashed green and blue) behave similarly, and

merge at T ∗ at a “surface critical point” (SCP), marked
by a large circle. At this point, the bulk values φ0 and T
are such that at the surface, the second and third deriva-
tive of the energy with respect to φ both vanish.

The curve φ
(3)
0 is a first-order phase line; crossing it

from low to high values of φ0 at constant T leads to a
discontinuous change in the profile φ(r).

The SCP point depends on the amplitude of the exter-
nal forcing. The point displaces when the amplitude of
the external force reduces toward zero. The locus of such
points is indicated by the dashed black curve. This is a
line of second-order phase transition; crossing it leads to
a continuous change in the profile φ(r). Equivalently, one
can hold the amplitude of external force fixed and look
for solutions of Eqs. (4)-(6) with values of r increasing
from 1 to∞ (see a specific example in Section V A). Note
that on the second-order line, Eq. (5) is satisfied not on
the surface (r = 1) but at a finite distance from it, at
r = r0 > 1 (see below).

One can now see that the SCP point and the phase
transition lines would not appreciably change even if the
(∇φ)2 term in the energy were included. Indeed, if Eq.
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FIG. 4. Phase diagram in the φ− T plane when −h′′ is neg-
ative (as the red curve in Fig. 1). The bulk critical point
(BCP) is at (φc, Tc) (square). The bulk binodal and spin-
odal curves are in black and red, respectively. The curves

φ
(2)
s,a(T ), φ

(2)
s,b(T ), and φ

(3)
s (T ) are in solid green, blue and

purple, while φ
(2)
0,a(T ), φ

(2)
0,b(T ), and φ

(3)
0 (T ) are in identical

colors and dashed lines. φ
(3)
0 (T ) is a first-order transition

line (dashed purple curve). The surface critical point (SCP),
marked with a circle, is at a temperature below the critical
point (T ∗ < Tc). The second-order line is the dashed thick
black curve.

FIG. 5. The same as in Fig. 4 but this time −h′′ is positive
(green curve in Fig. (1). The surface critical point is displaced
upwards and T ∗ > Tc.

(4) has a φ′′ term, just before the transition, the profiles
are smoothly varying and this second derivative is small.
In addition, by definition, the interface separating high
and low values of φ is an inflection point in the profile so
φ′′ = 0.

FIG. 6. Plots of the function g(φ) given in Eq. (7) for several
values of r. Top: when the external force is small, the bulk
composition φ0 is outside of the stability line (e.g. point “♦”
in Fig. 4). As r decreases from ∞ to 1 (r values are in
the legend), the minimum of g(φ), indicated by circles, shifts
to larger values. But the minimum stays close to the bulk
value, φ0. The resulting profile φ(r) in shown in Fig. 7 (top).
Bottom: when the external forcing is large, φ0 is inside the
stability line (e.g. point “?” in Fig. 4). As r decreases, the
minimum of g(φ) jumps from small to large values of φ. See
profile in Fig. 7 (bottom).

IV. CONSTRUCTION OF PROFILES

To construct the composition profiles, we look at the
function g defined by

g(φ) ≡ fb(φ) + h(φ)q(r)− µ0φ− p0, (7)

where p0 = fb(φ0)−µ0φ0 is the bulk pressure. The “cor-
rect” value of composition at a specific r is the value of φ
that minimizes g(φ). Next, we concentrate on two points,
marked in Fig. 4: the star is “inside” the first-order line,
and the diamond is outside. The grand-potential g(φ)
plots for the two points are shown in Fig. 6 for several
values of r. The top panel shows the g(φ) curves when
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FIG. 7. Composition profiles at a temperature below T ∗ in
the sharp kink approximation. Top and bottom panels corre-
spond to bulk points marked by “♦” and “?”, respectively, in
Fig. 4. While at point “♦” φ(r) is smoothly varying, at “?”
it exhibits a discontinuity. The transition from the top curve
to the bottom one is discontinuous (first-order). At any given
value of r, there are two values of φ that obey f ′′(φ, r) = 0
[Eq. (8)]. The dashed lines show these values vs. r. The
horizontal dash-dot lines are the bulk spinodal values at this
temperature (i.e. solutions of f ′′b (φ, T ) = 0).

the bulk composition is outside of the first-order line (di-
amond). When r is large, the minimum is at φ0 (dashed
vertical line). As r decreases, the minimum gradually
shifts to larger values of φ. Yet, even at the smallest
possible value of r (r = 1) the minimum stays rather
close to φ0. The behavior is different at the “star” point,
found below the first-order line. The bottom panel shows
the g(φ) curves in this case. Here, as r decreases from
large to small values, a discontinuous transition occurs
between low and high values of φ. The corresponding
profiles φ(r) are shown in Fig. 7.

We now look at two points at a temperature above T ∗,
marked by “+” and “*” in Fig. 4. Across the dashed line
in the figure, the transition is second-order. Indeed, Fig.
8 shows the corresponding φ(r) curves. When the point
is to the left (“+”), the profile is continuous (though it
might have a relatively steep domain). When the point
is to the right (“*”), the profile becomes discontinuous.
The difference between this scenario and the previous
one is that here the discontinuous profile emerges from
the continuous one as a second-order phase transition.
The second-order line is shown as a dashed black curve
in Fig. 4.

In Figs. 7 and 8 we show two dashed black lines. They
correspond to the two possible solutions of f ′′(φ) = 0,

FIG. 8. Composition profiles at a temperature above T ∗. Top
and bottom panels correspond to bulk points marked by “+”
and “*”, respectively, in Fig. 4. While at the point “+”,
φ(r) is smoothly varying, at “*” it exhibits a discontinuity.
But the transition from the top curve to the bottom one is
continuous (second-order). At any given value of r, there are
two values of φ that obey f ′′(φ, r) = 0 [Eq. (8)]. The dashed
lines show these values vs. r. The two curves merge at r = r0.
The horizontal dash-dot lines are the bulk spinodal values at
this temperature (i.e. solutions of f ′′b (φ, T ) = 0).

that is, they are solutions of

f ′′b (φ) + h′′(φ)q(r) = 0 (8)

for a specific value of r. For low temperatures, T < T ∗,
the two curves only meet at some r smaller than unity,
which is not valid. For high temperatures, T > T ∗, they
meet at a finite value of r > 1, denoted r0. When the
jump in the profile occurs exactly at r = r0, one is on the
second-order phase transition line. In Fig. 8 (bottom)
the jump is for r > r0 and therefore in this example we
are already past the phase transition line (point “*”). For
a given T and amplitude of external force, the second-
order line can thus be obtained when φs is the single
solution to Eq. (8), with r varying from 1 to ∞, and
φ0 obtained from Eq. (4). The SCP is retrieved as the
special case when r0 = 1.

The susceptibility χ. There are several ways to
define the susceptibility in spatially-varying fields. We
rewrite the sharp-kink profile equation as

f ′b(φ) + h′(φ)q(r)− µ0 = 0. (9)

and interpret −h′(φ)q(r) as the field. A derivative of the
profile equation with respect to the field then gives

χ =
1

f ′′b (φ(r))
. (10)
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Importantly, χ diverges at a point r if φ(r) equals one
of the bulk spinodal values. Figure 9 shows χ calculated

FIG. 9. Susceptibility χ defined by Eq. (10) and applied to
the profiles φ(r) from Figs. 7 and 8. χ stays finite for the
profile at point “�” in the phase-diagram Fig. 4 and diverges
at the points “?”, “+”, and “*”.

by Eq. (10) for the profiles shown in Figs. 7 and 8. χ
diverges for the profiles φ(r) that cross one of the two
spinodal values (points “?”, “+”, and “*”) and remains
finite otherwise (point “�”).

Note that the susceptibility can tend to +∞ at one side
of a point r and to −∞ at the other side. This happens
when the curve φ(r) crosses the bulk spinodal value. In
uniform fields this does not happen.

V. LANDAU EXPANSION OF THE FREE ENERGY

To get concise explicit expressions for the quantities
presented in the previous section, we now cast the above
insight onto a standard (symmetric) Landau expansion
of the free energy and external field:

fb = fc +
1

2
tϕ2 +

1

24
dϕ4,

h = hc + h1ϕ+
1

2
h2ϕ

2 +
1

6
h3ϕ

3, (11)

with t ∼ (T −Tc)/Tc, and d a positive constant indepen-
dent of T . Quantities are further expressed in terms of
ϕ = φ− φc instead of φ. The bulk chemical potential is

µ0 = tϕ0 +
1

6
dϕ3

0. (12)

Equations (4)-(6) can now be written for the surface
(q(r) = 1) as

tϕs +
1

6
dϕ3

s + h1 + h2ϕs +
1

2
h3ϕ

2
s − µ0 = 0, (13)

t+
1

2
dϕ2

s + h2 + h3ϕs = 0, (14)

dϕs + h3 = 0. (15)

The solutions to these equations give the qualitative
phase diagram in Fig. 4 if h′′ = h2 + h3ϕ > 0 and
h′′′ = h3 > 0 or Fig. 5 if h′′ = h2 + h3ϕ < 0 and h3 < 0.

To find the SCP point, we use ϕ
(2)
0,a = ϕ

(2)
0,b = ϕ

(3)
0 at the

SCP, and at the SCP temperature, t∗, ϕ
(2)
s,a = ϕ

(2)
s,b = ϕ

(3)
s ,

so this composition can be simply called ϕs. From Eq.
(15) we find that

ϕs = −h3/d. (16)

ϕs is independent on temperature. Hence the line ϕ
(3)
s

is entirely to the left of φc if h3 > 0 and to the right
otherwise. Substitution in Eq. (14) gives for t = t∗

t∗ =
1

2

h23
d
− h2. (17)

Interestingly, t∗ depends on the amplitude of the exter-
nal forcing (expressed via h2 and h3) both linearly and
quadratically. T ∗ is above the critical point temperature
if

1

2

h23
d
− h2 > 0 (18)

and below otherwise.
The first-order line ϕ

(3)
0 (t) is obtained from Eq. (13)

as the solution of the third-order polynomial

tϕs +
1

6
dϕ3

s + h1 + h2ϕs +
1

2
h3ϕ

2
s − tϕ0 −

1

6
dϕ3

0 = 0

(19)

with ϕs = −h3/d. The composition of the SCP point,
ϕ∗0, is a special case with t = t∗, simplifying to

h1 −
1

6

h33
d2
− t∗ϕ∗0 −

1

6
dϕ∗30 = 0. (20)

The lines ϕ
(2)
s,a(t) and ϕ

(2)
s,b(t) in the phase diagram are

the solutions to the quadratic equation f ′′(ϕ, r = 1) = 0
[Eq. (14)]. The dashed curves in Fig. 8 are the solution
to f ′′(ϕs, r) = 0, namely

t+
1

2
dϕ2

s + (h2 + h3ϕs) q(r) = 0. (21)

The value of r0 is defined such that the two solutions
ϕs are the same, i.e., when the discriminant vanishes:
∆2 = 0. This yields a quadratic equation for q(r0):

∆2 = h23q
2(r0)− 2dh2q(r0)− 2dt = 0. (22)
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(if r = 1 then t = t∗). At t < t∗, there is no solution
with r0 > 1 because |q(r0)| < 1, while at t > t∗ there is
one. The value of the single solution ϕs is then

ϕs = −h3q(r0)/d. (23)

How to obtain the second-order transition line? This line
is obtained by increasing r from 1 to ∞ as a parameter,
with t given from Eq. (22), ϕs from Eq. (23) (replace
r0 → r), and both substituted in

tϕs +
1

6
dϕ3

s + h1 + hsϕs +
1

2
h3ϕ

2
s − tϕ0 −

1

6
dϕ3

0 = 0

(24)

to find ϕ0.

FIG. 10. Non-monotonous profiles φ(r) that occur when h1 <
0 and h2 > 0 is sufficiently large. In the limit r → ∞, the
free energy f(φ) has a shape of a double well, with the global
minimum at the “gas” phase. When r → 1, the external
field dominate and f(φ) is approximately the parabola h1ϕ+
(1/2)h2ϕ

2, whose minimum is at −h1/h2. Hence the decrease
in φ from its value at the liquid-gas interface to its value at
r = 1.

Non-monotonous profiles. The profiles φ(r) usu-
ally look like the ones in Figs. 7 and 8: φ(r) is a
monotonously decreasing function, with φ(r =∞) = φ0.
If φ0 is within the unstable area of the phase diagram,
φ(r) exhibits a sharp drop at the “liquid”-“gas” inter-
face. If, however, h1 < 0 and h2 > 0 are sufficiently
large, close to the surface (r & 1) the external field dom-
inates over the bulk free energy and φ(r) can increase
with r inside the liquid phase. To see this, assume that
h1 and h2 are very large, then at r = 1 the free energy
is f ≈ h1ϕ + (1/2)h2ϕ

2 and in this parabola the linear
and quadratic terms are negative and positive, respec-
tively. The minimum value, −h1/h2, can have any posi-
tive value and, in particular, it can be smaller than the
(upper) spinodal value. Figure 10 shows such a profile.

The free-energy picture as r decreases is this: at r →
∞, f(φ) has a double minima, with the most stable one

being the bulk “gas”, at φ0. As r decreases, the “liquid”
minimum lowers until, at the interface, the two minima
are in equal depth. As r further decreases, the right
minimum becomes the global minimum; it continuously
shifts with r. If h2 = 0 then it shifts to the right. If
h2 is sufficiently large, it shifts to the left, while the f(φ)
curve loses the “gas” minimum and becomes the parabola
mentioned above.

A. Two examples

We give here two “applications” from nonuniform fields
in dielectric fluids. The first is the wedge capacitor and
the second is a charged spherical particle. In both cases
the fluid is purely dielectric and its relative permittiv-
ity depends on composition via an arbitrary constitutive
relation ε(φ). In the vicinity of the critical point, one
writes it as a power series around the critical composi-
tion to third order in ϕ:

ε(ϕ) = εc + ε1ϕ+
1

2
ε2ϕ

2 +
1

6
ε3ϕ

3. (25)

Wedge capacitor. The wedge is made up of two
semi-infinite planes that have an opening angle β be-
tween them33 and the potential difference between the
plates is V . The fluid is placed between these planes. In
dimensionless units, h(ϕ) and q(r) are given by

h(ϕ) = −1

2
Mε(ϕ) q(r) = r−2, (26)

M =
V 2v0ε0
β2R2

1kBT
. (27)

Here v0 is a molecular volume, ε0 is the vacuum permit-
tivity, r is scaled by R1, the minimal value of r, and kBT
is the thermal energy. M denotes the amplitude of the
external field, which is proportional to V 2 because the
force acting on the fluid is dielectrophoretic in nature.

Thus, the general results from the preceding sections
are obtained with

hc = −1

2
Mεc h1 = −1

2
Mε1 (28)

h2 = −1

2
Mε2 h3 = −1

2
Mε3.

From Eq. (17) we find t∗ to be

t∗ =
1

8

M2ε23
d

+
1

2
Mε2, (29)

where d is the coefficient of the fourth order term in the
Landau expansion of the bulk energy fb. As denoted
above, t∗ depends on the amplitude of the external field,
M , both linearly and quadratically.

We can estimate t∗ by using the values of ε(φ) mea-
sured in the experiment by Debye and Kleboth15. They
found ε2 = 28.6 and ε3 = −116.4. Since M is typically
much smaller than unity, the M2 term in t∗ can be safely
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neglected and one finds that t∗ ≈ 14M . If M = 10−3

and Tc = 350◦K we find T ∗ − Tc ≈ 5◦K.
Charged colloid. The second example is a spheri-

cal particle with surface charge density σ and radius R
embedded in the fluid. Here

h(φ) =
1

2
M

1

ε(φ)
q(r) = r−4, (30)

M =
v0σ

2

ε0kBT
. (31)

If one assumes a linear constitutive relation ε(φ) = εc +
ε1ϕ with ε1ϕ� εc

h(ϕ) ' 1

2

M

εc

[
1−

(
ε1
εc
ϕ

)
+

(
ε1
εc
ϕ

)2

−
(
ε1
εc
ϕ

)3
]
,

(32)

and it is easy to make the following identification

hc =
1

2

M

εc
h1 = −1

2
M
ε1
ε2c

(33)

h2 =
1

2
M
ε21
ε3c

h3 = −1

3
M
ε31
ε4c
.

The value of t∗ is now [Eq. (17)]

t∗ =
1

18
M2 ε

6
1

dε8c
− 1

2
M
ε21
ε3c
. (34)

For binary mixtures of two nonpolar solvents, ε1 ∼ 1
and εc ∼ 1. Neglecting M2 compared to M , we find that
t∗ ∼M and is negative.

VI. CONCLUSIONS

We study a generic mean-field model of systems in ex-
ternal fields. The field may have arbitrary dependence on
the order parameter and on the spatial coordinate. This
treatment generalizes numerous works on vastly different
systems. The graphical construction shown in Figs. 1, 2,
3, and 6 provides a simple presentation of the governing
equations Eqs. (4)-(6) and leads to the phase diagrams
in Figs. 4 and 5. Monotonous fields have a point in
space where they are maximal and this point is analo-
gous to a surface in wetting phenomena. We find that
the bulk critical point expands to a line of second-order
phase transition that ends in a “surface critical point”. A
line of first-order transition meets the second-order line
at this point. This line resembles the prewetting line
in wetting phenomena and the adsorption diverges on it
(not shown)43–46. If some conditions apply on h(φ), non-
monotonous profiles can form even when external forcing
∼ q(r) is monotonous. It would be interesting to investi-
gate how the order-parameter evolves dynamically to the
equilibrium profiles found here. We predict an interfacial
instability as a result of competition between the long-
range nature of the force and the local diffusive transport
and surface-tension related stress.
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