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TIGHT INCLUSIONS OF C ∗ -DYNAMICAL SYSTEMS
YAIR HARTMAN AND MEHRDAD KALANTAR
Abstract. We study a notion of tight inclusions of C ∗ - and W ∗ -dynamical
systems which is meant to capture a tension between topological and measurable rigidity of boundary actions. An important case of such inclusions
are C(X) ⊂ L∞ (X, ν) for measurable boundaries with unique stationary
compact models. We discuss the implications of this phenomenon in the
description of Zimmer amenable intermediate factors. Furthermore, we
prove applications in the problem of maximal injectivity of von Neumann
algebras.

1. Introduction
One of the key tools in rigidity theory is the notion of boundary actions
in the sense of Furstenberg [Fur63, Fur73]. These actions are deﬁned in both
topological and measurable setups, and exploiting their dynamical and ergodic
theoretical properties reveals various rigidity phenomena of the underlying
groups.
For example, the fact that the measurable Furstenberg-Poisson Boundaries
of irreducible lattices in higher rank semisimple Lie groups, have few quotients
(Factor Theorem) implies rigidity for normal subgroups (Normal Subgroup
Theorem), and a classiﬁcation of certain spaces related to the FurstenbergPoisson Boundary (Intermediate Factor Theorem) implies rigidity of Invariant
Random Subgroups. These rigidity phenomena are “higher-rank phenomena”
either in the classical sense of semi-simple Lie groups, or for product groups,
and are based on the measure theoretical boundary. Recently, these properties
were shown to imply also strong rigidity results in noncommutative settings
([BH19, BBHP20]).
On the other front, dynamical properties of the topological boundaries have
been shown to imply certain noncommutative rigidity properties, such as C ∗ simplicity and the unique trace property ([KK17, BKKO17]).
YH was partially supported by ISF grant 1175/18. MK was supported by a Simons
Foundation Collaboration Grant (# 713667).
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In many natural examples, measurable boundaries are concretely realized
on topological boundaries, and one expects that this would reﬂect in their
dynamical properties. However, the connection between the two notions of
boundary actions has barely been systematically investigated.
A typical instance in which the interaction between the two setups arises
is a topological boundary admitting a unique stationary measure turning it
into a measurable boundary. A systematic study of such action in the noncommutative setting was undertaken in the authors’ work [HK], wherein the
framework of this connection, properties of measurable boundaries, were used
in C ∗ -simplicity problems.
An important consequence of having a unique stationary boundary measure
is a uniqueness property for equivariant maps from the space of continuous
functions into the space of essentially bounded measurable functions on the
boundary. This work is devoted to the study of this particular uniqueness
phenomenon and several of its applications. As we will see below, this property
is not an exclusive feature of certain boundary actions, and it does appear in
setups with quite diﬀerent behavior.
More precisely, this work is around the following notion. Given a locally
compact second countable (lcsc) group G, we denote by OAG the category
of all unital G-C ∗-algebras and G-W ∗-algebras where the morphisms are Gequivariant ucp maps.
Definition (Deﬁnition 2.1). We say a C ∗ -inclusion A ⊂ B of objects A, B ∈
OAG is G-tight if the inclusion map is the unique G-equivariant ucp map from
A to B.
This property has already been exploited in some previous work. When A is
a commutative C ∗ -algebra, and B a commutative von Neumann algebra, this
coincides with Furman’s notion of alignment systems [Fur08], a key concept
in his work on rigidity of homogeneous actions of semisimple groups. Around
the same time, in a completely diﬀerent context, Ozawa [Oza07] proved that
for a quasi-invariant and doubly-ergodic measure ν on the Gromov boundary
∂Fn of the free group, the inclusion C(∂Fn ) ⊂ L∞ (∂Fn , ν) is Fn -tight. He used
this property to prove a nuclear embedding result for the reduced C ∗ -algebra
of the free group.
As mentioned earlier, we have the following fact.
Theorem (Theorem 3.4). Let G be a lcsc group, and let µ ∈ Prob(G) be
an admissible probability measure on G. Suppose X is a minimal compact
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G space that admits a unique µ-stationary probability ν such that (X, ν) is a
µ-boundary. Then the canonical embedding C(X) ⊂ L∞ (X, ν) is G-tight.
The tightness property becomes particularly fruitful in combination with
the notion of Zimmer amenability.
Theorem (Theorem 4.8). Let G be a lcsc group and let µ ∈ Prob(G) be
an admissible measure such that the Furstenberg-Poisson Boundary (B, ν) of
(G, µ) has a uniquely stationary compact model. Let (Y, η) be a (G, µ)-space
and let φ : (Ỹ , η̃) → (Y, η) be the standard cover in the sense of Furstenberg–
ϕ

ψ

Glasner. If (Ỹ , η̃) −
→ (Z, ω) −
→ (Y, η) are measurable G-maps such that ψ ◦ϕ =
ϕ
φ and (Z, ω) is Zimmer amenable, then (Ỹ , ν̃) ∼
= (Z, ω).
For discrete groups Γ, we prove a noncommutative version of this. Namely,
we show that under the same conditions, there are no injective von Neumann
algebras M satisfying Γ ⋉ L∞ (Y, η) ⊆ M ( Γ ⋉ L∞ (Ỹ , η̃) (Corollary 4.16).
Examples of tight inclusions involving noncommutative C ∗ -algebras include
the embedding of tight Γ-C ∗-algebras in their associated crossed products.
This, for instance, yields the following maximal injectivity result.
Theorem (Corollary 4.17). Let Γ be a discrete group and µ ∈ Prob(G) a generating measure such that the Furstenberg-Poisson Boundary (B, ν) of (Γ, µ)
has a uniquely stationary compact model. Let Γ y (Z, m) be a measurepreserving action. Then the von Neumann algebra Γ ⋉ L∞ (B × Z, ν × m) is
maximal injective in Γ ⋉ B(L2 (B, ν))⊗L∞ (Z, m) .

A special case of the above in which Γ is an irreducible lattice in a centerless
higher rank lattice, and Z is trivial, yields a stronger conclusion than Suzuki’s
maximal injectivity result [Suz20, Corollary 3.8]. In particular, it shows that
this maximal injectvity is not a higher rank phenomenon but rather follows
from the wider framework of tightness. Consequently, this provides a large
class of new examples of maximal injective von Neumann algebras (see comments after Corollary 4.17).
However, as shown in Corollary 3.8 and Theorems 3.9 and 3.12, this notion
of tightness is not bound to only certain boundary actions, it is more general
even in the commutative case, and there are examples of tight actions with
properties far from boundary actions.
Next, we ﬁx our notation and brieﬂy review some of the deﬁnitions and
basic facts that will be used in the rest of the paper.
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Throughout the paper, unless otherwise stated, G is a lcsc group and Γ
denotes a countable discrete group. We write G y X to mean a continuous
action of G on a compact Hausdorﬀ space X by homeomorphisms. In this
case we say X is a compact G-space. Given G y X and G y Y , we say Y is
a (G-)factor of X, or that X is a (G-)extension of Y , if there is a continuous
map ϕ from X onto Y that is G-equivariant, that is ϕ(gx) = gϕ(x) for all
g ∈ G and x ∈ X.
Given G y X and ν ∈ Prob(X), the Poisson transform
R (associated to
ν) is the map Pν : C(X) → Cb (G) deﬁned by Pν (f )(g) = X f (gx)dν(x) for
f ∈ C(X) and g ∈ G, where Cb (G) denotes the space of all bounded continuous
functions on G. This is obviously a continuous unital linear positive map which
is also G-equivariant.
We use similar standard terminology for measurable actions of a lcsc group
G. All measure spaces considered here are assumed to be standard Borel
probability spaces. We write G y (X, ν) to mean a measurable action of
G on a standard Borel probability space (X, ν) by measure isomorphisms; in
particular, in this setup, the measure ν is quasi-invariant, that is, gν ∼ ν
for any g ∈ G. In this case we say (X, ν) is a probability G-space. Given
G y (X, ν) and G y (Y, η), we say (Y, η) is a (G-)factor of (X, ν), or that
(X, ν) is a (G-)extension of (Y, η), if there is a G-equivariant measurable map
ϕ from X to Y such that η = ϕ∗ ν. In this case, the map ϕ yields a canonical
G-equivariant von Neumann algebra embedding ϕ∗ : L∞ (Y, η) → L∞ (X, ν).
For an action G y (X, ν), similarly to the continuous case,
R we denote
∞
∞
by Pν : L (X) → L (G) the Poisson transform Pν (f )(g) = X f (gx)dν(x),
which is a G-equivariant normal unital positive linear map.
Let G y (X, ν), and µ ∈ Prob(G). We say ν is µ-stationary if µ ∗ ν = ν,
where µ ∗ ν is the convolution of the measures. In this case we write (G, µ) y
(X, ν) and say (X, ν) is a (G, µ)-space.
A compact model for a probability G-space (Y, η) is a compact G-space X
and a quasi-invariant ν ∈ Prob(X) such that (X, ν) is isomorphic to (Y, η) as
probability G-spaces.
We also consider noncommutative actions in this paper, namely, actions of
G on C ∗ and von Neumann algebras. All C ∗ -algebras considered here are
assumed to be unital. By a G-C ∗-algebra (respectively, G-von Neumann algebra) we mean a unital C ∗ -algebra A on which G acts continuously by ∗automorphisms. Continuity in this setup is with respect to the point-norm
topology (respectively, point-weak* topology) of A.
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Given a discrete group Γ and a Γ-C ∗ or Γ-von Neumann algebra A, a covariant representation of (Γ, A) is a pair (π, ρ), where π is a unitary representation
of Γ on Hilbert space Hπ , and ρ : A → B(Hπ ) is a Γ-equivariant representation of A, where Γ y B(Hπ ) by inner automorphisms Adπ(g) , g ∈ Γ. In this
case, we let Γ ⋉ρπ A be the C ∗ or von Neumann algebra generated by the set
{ρ(a)π(g) : a ∈ A, g ∈ Γ}, depending on A. In the case of regular covariant
representation, we use the notation Γ ⋉ A for either the reduced C ∗ -crossed
product or the von Neumann algebra crossed product of the action, again
depending on A.
We refer the reader to [BO08] for the deﬁnitions and details concerning these
constructions and their properties.
We often in this paper consider equivariant ucp maps from C ∗ -algebras
into von Neumann algebras. In view of the following known fact, these maps
should be considered as noncommutative counterparts of quasi-factor maps in
the sense of Glasner [Gla03, Chapter 8]. We omit the proof of the following,
which can be found in [Oza07]. The latter argument was written for a special
example, but as noted in [BR20], the same argument works in general; (see
also [BBHP20, Proposition 4.10]).
Lemma 1.1. Let X be a compact metric (G-space), and (Y, η) a standard
probability (G-)space. Then there is a one-to-one correspondence between
(G-equivariant) η-measurable maps Y → Prob(X) and equivariant ucp maps
C(X) → L∞ (Y, η).
Boundary actions. The most natural examples in our context are topological and measurable boundary actions in the sense of Furstenberg. We brieﬂy
review the deﬁnitions and refer the reader to [Fur73, Gla76, Fur02, HK] for
more details.
An action G y X is said to be a topological boundary action, and X is said
to be a topological G-boundary, if for every ν ∈ Prob(X) and x ∈ X there is a
net gi of elements of G such that gi ν → δx in the weak* topology, where δx is
the Dirac measure at x. It was shown by Furstenberg [Fur73, Proposition 4.6]
that any lcsc group G admits a unique (up to G-equivariant homeomorphism)
maximal G-boundary ∂F G in the sense that every G-boundary X is a G-factor
of ∂F G.
Measurable boundary actions are deﬁned as follows. Let µ ∈ Prob(G) be
an admissible measure, that is, µ is absolutely continues with respect to the
Haar measure and is not supported in a proper closed subgroup, and let ν be
a µ-stationary probability measure on a metrizable G-space X. The action

6

Y. HARTMAN AND M. KALANTAR

(G, µ) y (X, ν) is a µ-boundary action if for almost every path (ωk ) ∈ GN of
the (G, µ)-random walk, the sequence ωk ν converges to a Dirac measure δxω .
An action G y (Y, η) is said to be a µ-boundary action if it has compact
model which is a µ-boundary in the above sense. Similarly to the topological
case, there is a unique (up to G-equivariant measurable isomorphism) maximal
µ-boundary (B, ν), called the Furstenberg-Poisson Boundary of the pair (G, µ),
in the sense that every µ-boundary (X, η) is a G-factor of (B, ν).
As mentioned in the introduction, the case of measurable µ-boundaries with
compact models supporting unique stationary measures, are of particular interest for us in this work. Following [HK, Deﬁnition 3.9], we refer to such an
action a µ-USB. The study of these systems was indeed initiated by Furstenberg in [Fur73], where they were called µ-proximal actions. These were further
studied in [Mar91, GW16].
2. Tight inclusions
Let G be a lcsc group. We denote by OAG the category of all unital G-C ∗algebras and G-von Neumann algebras where the morphisms are G-equivariant
ucp maps (not assumed normal even between von Neumann algebras).
If Γ is a countable discrete group, every Γ-von Neumann algebra is also a Γ∗
C -algebra, and therefore OAΓ is just the category of all unital Γ-C ∗ -algebras.
Given A ∈ OAΓ , we say A is Γ-injective if it is an injective object in the
category OAΓ . We refer the reader to [Ham85] and [KK17] for more details
on this concepts and its connection to boundary actions.
A unital C ∗ -algebra A is injective if it is injective in the category of unital
C ∗ -algebras with ucp maps as morphisms, equivalently, Γ-injective for the
trivial group Γ = {e}.
Note that all positive maps between commutative C ∗ -algebras are automatically completely positive, but for the sake of consistency, we keep assuming
ucp for all our morphisms.
Definition 2.1. An inclusion A ⊂ B of objects A, B ∈ OAG is called G-tight
if the inclusion map is the unique G-equivariant ucp map from A to B.
We begin with few observations on the general properties of G-tight inclusions before getting to some basic examples.
Proposition 2.2. Suppose A ⊂ B is a G-tight inclusion of objects in OAG .
Then for any C ∈ OAG with A ⊂ C ⊂ B, the inclusion A ⊂ C is G-tight; in
particular, A ⊂ A is G-tight.
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Proof. Every G-equivariant ucp map A → C is in particular a G-equivariant
ucp map from A to B. Thus G-tightness of A ⊂ B implies G-tightness of
A ⊂ C.

We refer to an object A for which A ⊂ A is G-tight as a (G-)self-tight object.
Lemma 2.3. Suppose A ⊂ B is a G-tight inclusion of objects in OAG . If A
admits a G-invariant state, then A = C.
Proof. Suppose τ is a G-invariant state on A. Then τ is, in particular, a Gequivariant ucp map from A to C ⊂ B. Hence τ = id by G-tightness of the
A ⊂ B, and this implies A = C.

Recall that a lcsc group G is said to be amenable if any continuous action
of G by aﬃne homeomorphisms on a compact convex subset of a topological
vector space has a ﬁxed point.
Corollary 2.4. If there is a G-tight inclusion A ⊂ B of objects in OAG with
A non-trivial, then G is non-amenable.
Proof. Suppose A ⊂ B is a G-tight inclusion of objects in OAG . If G is
amenable, then A admits a G-invariant state, and therefore we have A = C by

Lemma 2.3. This implies the claim.
Recall that every discrete group Γ admits a maximal normal subgroup N
such that Γ/N is an ICC group (every non-trivial element has inﬁnite conjugacy class). This subgroup is called the hyper-FC-center of Γ.
Proposition 2.5. Let A ⊂ B be a Γ-tight inclusion of objects in OAΓ . Then
the hyper-FC-center of Γ is contained in the kernel of the action of Γ on A.
Proof. Suppose g ∈ Γ has ﬁnite conjugacy class Cg . Deﬁne Φg : A → A by
1 X
Φg (a) =
ka
(a ∈ A).
#Cg k∈C
g

Then Φg is ucp, and for every h ∈ G and a ∈ A,
1 X
1 X
hka =
kha = Φg (ha),
hΦg (a) =
#Cg k∈C
#Cg k∈C
g

g

which shows Φg is equivariant. Thus, by tightness Φg = id. Since a 7→ ka is
a *-isomorphism of A for each k ∈ Cg , it follows ka = a for every k ∈ Cg and
a ∈ A. In particular, g acts trivially on A. This implies the normal subgroup
N of G consisting of all ﬁnite conjugacy elements lie in the kernel of the action
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G y A. Repeating the argument for the action G/N y A, and taking a
transﬁnite induction yields the result.

In particular, we conclude the following for discrete groups with faithful
actions on tight inclusions.
Corollary 2.6. Let A ⊂ B be a Γ-tight inclusion of objects in OAΓ . If the
action of Γ on A is faithful, then Γ is an ICC group.
It follows from the deﬁnition that for any B ∈ OAG , the inclusion C ⊂ B is
tight.
Proposition 2.7. Let B ∈ OAG . Then B admits a maximal subalgebra A such
that A ⊂ B is tight.
Proof. This follows from a standard Zorn’s Lemma argument combined with
the above observation that the inclusion C ⊂ B is Γ-tight.

We continue with some basic examples of G-tight inclusions. More examples
will be studied in later sections.
Example 2.8. For every countable discrete group Γ, C is a maximal subalgebra of ℓ∞ (Γ) which is tight. Indeed, since the right translation by any element
of Γ is a ucp equivariant map on ℓ∞ (Γ), any function in a tight subalgebra
of ℓ∞ (Γ) must be invariant under right translation by every g ∈ Γ, hence
constant.

While we are mainly interested in the setup in which one object is a von
Neumann algebra and the other is a C ∗ -algebra, the following is an example
that is purely C ∗ -algebraic.
Example 2.9. If Y is a topological G-boundary, and X is a continuous Gfactor of Y , then it follows from [Fur73, Proposition 4.2] that the inclusion
C(X) ⊂ C(Y ) is G-tight.
In particular, C(X) is self-tight for every topological boundary X.

Example 2.10. Let H be a Hilbert space, and let G = U(H) be the group
of all unitaries on H, considered as a (uncountable) discrete group. The space
B(H) of all bounded linear maps on H is canonically a G-C ∗ -algebra. We
show B(H) is G-self-tight. For this, let ψ be a G-equivariant ucp map on
B(H), and let p be a projection on H. Let H ≤ G be the group of unitaries
on H commuting with p. Then by equivariance, ψ(p) also commutes with H,
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hence ψ(p) ∈ {p}′′ = span{p, 1B(H) −p}. Thus, by positivity, ψ(p) = rp p+sp p⊥
for some rp , sp ∈ R+ .
Now, given two projections p and q such that both their ranges and orthogonal subspaces to their ranges are inﬁnite dimensional, there is u ∈ G such
that upu∗ = q and up⊥ u∗ = q ⊥ . Then by equivariance, ψ(q) = ψ(upu∗) =
uψ(p)u∗ = u(rp p + sp p⊥ )u∗ = rp q + sp q ⊥ , therefore rp = rq (=: r) and sp =
sq (=: s). In particular, in this case, since ψ is unital, 1 − sp = rp⊥ = rp .
Moreover, given such p as above, if we choose subprojections p1 and p2 of p
with inﬁnite dimensional ranges such that p = p1 + p2 , then we get
rp1 + sp1 ⊥ + rp2 + sp2 ⊥ =ψ(p1 + p2 ) = ψ(p) = rp + sp⊥
=rp1 + rp2 + s(p1 + p2 )⊥
=rp1 + rp2 + sp1 ⊥ + sp2 ⊥ − s1B(H) ,
which implies s = 0, hence r = 1, and ψ(p) = p for all projections p as
above. Now, if q is a ﬁnite rank projection, then q ≤ p for some projection
p as above. Then, since both p − q and (p − q)⊥ have inﬁnite ranks, we get
p = ψ(p) = ψ(p − q) + ψ(q) = p − q + ψ(q), which implies ψ(q) = q. Hence,
ψ restricts to the identity map on projections, and since the set of projections
span a norm dense subspace of B(H), we conclude ψ = id.

Rigidity properties of locally compact groups are usually passed down to
their lattices. This is the case for the tightness condition.
Theorem 2.11. Let G be a lcsc group and let Γ be a lattice in G. Then any
G-tight inclusion A ⊂ B of objects in OAG is Γ-tight.
Proof. Let Γ be a lattice in G and suppose A ⊂ B is a G-tight inclusion of
objects in OAG . Let ψ : A → B be a Γ-equivariant ucp map. For each a ∈ A,
the map g 7→ gψ(g −1a) is continuous from G to B and restricts to the constant
function γ 7→ ψ(a) on Γ. Thus, it induces a continuous function
ρa : G/Γ → B,
R
gΓ 7→ gψ(g −1a). Deﬁne the map φ : A → B, by φ(a) := G/Γ ρa (gΓ)dµ(gΓ),
where µ is a G-invariant Borel probability on G/Γ. Then φ is ucp, and for
every h ∈ G,
Z
Z
hφ(a) =
hρa (gΓ)dµ(gΓ) =
hgψ(g −1a)dµ(gΓ)
G/Γ
G/Γ
Z
=
gψ(g −1ha)dµ(gΓ) = φ(ha),
G/Γ
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which shows φ is G-equivariant. Hence, by G-tightness, φ is the inclusion map.
Since the maps A ∋ a 7→ gψ(g −1a) ∈ B are ucp for every g ∈ G, by extremality
of the inclusion map in the set of ucp maps, it follows gψ(g −1a) = a for all
a ∈ A and a.e. gΓ ∈ G/Γ. By continuity of the action and the fact that µ has
full support, we conclude the latter equality for all g ∈ G. Hence, in particular,
ψ = idA .

The following lemma, which is essentially [Ham85, Lemma 3.3], provides a
useful technical tool for proving the tightness of inclusions.
Lemma 2.12. Let A ⊂ B ⊂ C be inclusions of objects in OAG such that
(1) the inclusion A ⊂ B is G-tight, and
(2) there is a faithful G-equivariant conditional expectation E from C onto
B;
then the inclusion A ⊂ C is also G-tight.
Proof. If ψ : A → C is a G-equivariant ucp map, then E ◦ ψ is a G-equivariant
ucp map from A to B. Hence, by the tightness of A ⊂ B, we get that E◦ψ = id.
Then using the fact that E is a B-bimodule map, and applying the Schwarz
inequality for the completely
positive map ψ, we see for every x ∈ A that

∗
∗
E (x − ψ(x ))(x − ψ(x)) = 0, which by faithfulness of E, it implies ψ(x) = x.
Thus, the inclusion A ⊂ C is G-tight.

Recall our notation that Γ ⋉ B denotes either the reduced C ∗ -crossed product, or the von Neumann crossed product for B ∈ OAΓ .
Corollary 2.13. Let Γ be a discrete group and A ⊂ B a Γ-tight inclusion of
objects in OAΓ . Then the canonical inclusion A ⊂ Γ ⋉ B is also Γ-tight.
Proof. The canonical conditional expectation E0 : Γ ⋉ B → B is Γ-equivariant

and faithful. Hence the result follows from Lemma 2.12.
2.1. (Weak) Zimmer amenability. In this section, we recall the notion of
weak Zimmer amenability and examine its combination with tight inclusions.
This weaker notion of Zimmer amenability is indeed enough for many applications. Furthermore, it has the advantage that it can be extended to C ∗ -algebra
setting as well, at least in the discrete group case.
Definition 2.14. An object B ∈ OAG is said to be weakly Zimmer amenable
if for every A ∈ OAG there is a G-equivariant ucp map A → B.
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For any locally compact group G, the space Cblu (G) of left-uniformly continuous functions on G is a weakly Zimmer amenable G-C ∗ -algebra.
Clearly, if G is amenable, then every object B ∈ OAG is weakly Zimmer
amenable.
If Γ y (X, ν) is a Zimmer amenable probability measure-class preserving
action of a discrete group Γ, then L∞ (X, ν) is a weakly Zimmer amenable
Γ-C ∗ -algebra. In particular, if µ ∈ Prob(Γ), and (B, ν) is the FurstenbergPoisson Boundary of (Γ, µ), then L∞ (B, ν) is weakly Zimmer amenable.
More generally, since our objects are all unital, every Γ-injective A ∈ OAΓ is
weakly Zimmer amenable; the converse is not true: if Γ is non-amenable then
one can see that B(ℓ2 (Γ)) is not Γ-injective, but it is obviously weakly Zimmer
amenable.
The following is a useful characterization of weakly Zimmer amenable Γ∗
C -algebras in the case of discrete groups Γ. Recall that by [KK17, Theorem
3.11], C(∂F Γ) is Γ-injevtive for any discrete group Γ.
Proposition 2.15. Let Γ be a countable discrete group. A Γ-C ∗ -algebra B is
weakly Zimmer amenable iﬀ C(∂F Γ) ⊆ B as a Γ-invariant operator subsystem.
Proof. Let B be a Γ-C ∗ -algebra. Suppose B is weakly Zimmer amenable. Then
there is a Γ-equivariant ucp map C(∂F Γ) → B. But any such map is isometric
(e.g. [KK17]), hence an embedding of C(∂F Γ) into B as a Γ-invariant operator
subsystem.
Conversely, suppose C(∂F Γ) ⊆ B as a Γ-invariant operator subsystem, and
let A ∈ OAΓ . Then by Γ-injectivity of C(∂F Γ), there is a Γ-equivariant ucp
map from A to C(∂F Γ), and so in B. Hence, B is weakly Zimmer amenable. 
Proposition 2.16. Let A ⊂ B be a Γ-tight inclusion of objects in OAΓ . If B
is weakly Zimmer amenable, then A = C(X) for some topological boundary X.
Proof. Since B is weakly Zimmer amenable, we have C(∂F Γ) ⊆ B as a Γinvariant operator subsystem by Proposition 2.15. By Γ-injectivity, there is a
Γ-equivariant ucp idempotent ψ : B → C(∂F Γ). By tightness of the inclusion
A ⊂ B the restriction of ψ to A is the identity map, which implies A ⊆ C(∂F Γ)
(as a Γ-operator subsystem).
Since C(∂F Γ) is an injective C ∗ -algebra, its multiplication coincides with the
Choi-Eﬀros product associated to ψ. Since A is a subalgebra of B it follows
that this product agrees with the original product on A. It follows that A
is indeed a subalgebra of C(∂F Γ), and so of the form A = C(X) for some
topological Γ-boundary X.
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3. Tight inclusions in commutative setting: tight
measure-classes
In this section, we focus our attention on a special case of tight inclusions
in the commutative setting. More precisely:
Definition 3.1. Let X be a compact G-space. A non-singular probability
measure ν ∈ Prob(X) is said to be G-tight (or just tight if the group G is
clear from the context) if it has full support and the canonical embedding
C(X) ⊂ L∞ (X, ν) is a G-tight inclusion.
In [Fur08], Furman introduced and studied the notion of alignment property:
given a measurable G-space (X, ν) and a compact G-space Z, a Borel measurable G-equivariant map π : X → Z is said to have the alignment property
if the only Borel measurable G-equivariant map from (X, ν) to Prob(Z) is the
one given by x 7→ δπ(x) .
The correspondence between maps X → Prob(Z) and ucp maps C(Z) →
L∞ (X, ν) (Lemma 1.1) implies that for X and ν ∈ Prob(X) as in Deﬁnition 3.1, ν is G-tight iﬀ the identity map id : (X, ν) → X has the alignment
property in the sense of Furman.
Remark 3.2. Observe that tightness is, in fact, a property of the measure-class
rather than a single measure. Furthermore, it can be considered as a property
of the algebra L∞ (X, ν): the existence of an L1 -dense, L∞ -closed subalgebra
of L∞ (X, ν) with unique equivariant ucp map into L∞ (X, ν).
Let us restate in the case of tight measure-classes the facts proven in Section 2 for general tight inclusions.
Proposition 3.3. Let G be a lcsc group.
(1) If a compact G-space X admits both a tight probability measure and an
invariant probability measure, then X is a singleton. In particular, for
any lcsc group G the only ﬁnite G-space that admits a tight measureclass is the trivial one.
(2) If G admits a non-trivial action with a tight measure-class, then G is
non-amenable.
(3) If Γ is discrete and admits a faithful action on a compact space X
supporting a tight measure-class, then Γ is ICC.
(4) If Γ is a lattice in G, then any G-tight measure-class on any compact
G-space is Γ-tight.
A natural source of tight measure-classes is the following.
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Theorem 3.4. Let G be a lcsc group, and let µ ∈ Prob(G) be an admissible
probability on G. Suppose X is a minimal compact G space that admits a
unique µ-stationary probability ν such that (X, ν) is a µ-boundary. Then the
measure-class of ν is G-tight.
Proof. By Lemma 1.1 any G-equivariant ucp map from C(X) to L∞ (X, ν)
corresponds to a measurable equivariant map from (X, ν) to Prob(X). By
[Mar91, Corollary 2.10(a)], any such map is mapped into delta measures, hence
a G-map on (X, ν). But the identity is the unique measurable G-map on (X, ν)
(see e.g. Lemma 3.5 below). Hence, the identity is the unique G-equivariant
ucp map from C(X) to L∞ (X, ν).

Recall that topological boundaries yield self-tight algebras of continuous
functions (Example 2.9). The same statement fails for general measurable
boundaries. Namely, L∞ (B, ν) is not self-tight and Theorem 3.4 shows that
the tightens holds once restricting to a USB (if there is such). Another form
of tightness that holds for measurable boundaries is the following well-known
fact.
Lemma 3.5. Let (B, ν) be a µ-boundary (for some µ ∈ Prob(G), where G is
a lcsc group). Then the only normal equivariant unital positive L∞ (B, ν) →
L∞ (B, ν) is the identity.
Proof. This follows along the same lines as in the proof of Theorem 3.4, using
the fact that there is no stationary probability measure other than ν that is
absolutely continuous with respect to ν (this follows from the ergodicity of ν,

see e.g. [BS06]).
The lack of endomorphisms of boundaries is an important feature in both the
measurable and the topological setups. Example 2.9 and Lemma 3.5 provide
straightening of these results: not only there are no equivariant maps in the
level of the points, but not even equivariant unital positive linear maps in the
level of functions.
Theorem 3.4 already provides a vast class of examples, especially in the
case of discrete groups. There is a signiﬁcant amount of work on realizations
of Furstenberg-Poisson Boundaries on concrete topological spaces, where the
main tool is the strip criterion of Kaimanovich [Kai00]. In many cases, the
topological space is compact, and it is proven that the Furstenberg-Poisson
measure is the unique stationary measure on the discussed space. These cases
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include actions of linear groups on ﬂag varieties [Led85, Kai00, BS11], hyperbolic groups acting on the Gromov boundary [Kai00], non-elementary subgroups of mapping class groups acting on the Thurston boundary [KM96],
among others.
Tight measure-classes vs. topological boundaries. The arguments in
[Oza07] imply that Zimmer amenable tight actions of discrete groups are topological boundaries. This was noted in [BR20, Theorem 2.3], although the
authors state the result under topological amenability, which is a stronger assumption. These arguments do not directly generalize to non-discrete groups,
as the existence of the faithful equivariant conditional expectation is a key
point in the argument, and such conditional expectation does not exist in
general non-discrete cases.
Below, we give a simple alternative proof of this fact for general locally
compact second countable groups.
Proposition 3.6 (cf. [Oza07] and [BR20]). Let G be a lcsc, and suppose X
is a compact G-space that admits a fully supported G-tight probability measure
ν. If G y (X, ν) is Zimmer-amenable then G y X is a topological boundary
action.
Proof. For any η ∈ Prob(X), the Poisson transform Pη is a G-equivariant
unital positive map from C(X) into Cb (G). Since G y (X, ν) is Zimmeramenable, there is a G-equivariant unital positive map ψ0 from Cb (G) to
L∞ (X, ν). By tightness, ψ0 ◦ Pη = id, which implies Pη is isometric for every
η ∈ Prob(X). By [Aze70, Proposition 1.1], it follows that the weak* closure of
the G-orbit of η in Prob(X) contains X, hence the action G y X is minimal
and strongly proximal.

Other examples. All examples of tight measure-classes presented so far occur in the setup of boundary actions. However, examples of tight measureclasses appear in more general settings. Below, we give examples of actions
supporting tight measure-classes that are not boundary actions in a topological
or measurable sense.
Example 3.7. Let G1 and G2 be two lcsc groups, and for i = 1, 2 let Xi be
a compact Gi -space and νi ∈ Prob(Xi ) an ergodic non-trivial tight measureclass. Consider the action of the product group G = G1 × G2 on the disjoint
union X = X1 ∪· X2 where G1 and G2 act trivially on X2 and X1 respectively.
Then the measure ν = 21 ν1 + 12 ν2 is a G-tight measure-class on X = X1 ∪· X2 .
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In particular, the above (somewhat superﬁcial) example shows that unlike
the case of boundary actions, neither ergodicity of the measure nor the minimality of the topological action follow from the tightness of the measure-class.
Furthermore, we conclude another diﬀerence of tight measure-classes to the
case of boundaries.
Corollary 3.8. Tightness of measures does not, in general, pass to (measurable or continuous) factors.
Proof. The tight action from Example 3.7 clearly has a continuous factor,
namely, the space with 2 points, equipped with the uniform measure, which is
not tight by Lemma 2.3.

We continue with more interesting examples of rigid actions which are not
boundaries. In particular, we give examples of purely atomic tight measureclasses on non-minimal, non-strongly proximal spaces.
Following [BK20] we say an open subgroup H of G has the spectral gap
property if δH is the unique H-invariant mean on ℓ∞ (G/H).
Theorem 3.9. Let H be an open subgroup of G. Then TFAE
(1) H has the spectral gap property.
(2) Any ν ∈ Prob(G/H) with full support considered as a probability on
the Stone-Čech compactiﬁcation X = β(G/H) is G-tight.
(3) The inclusion ℓ∞ (G/H) ⊂ ℓ∞ (G/H) is G-tight.
(4) The inclusion ℓ∞ (G/H) ⊂ B(ℓ2 (G/H)) is G-tight.
Proof. (1) ⇒ (2) : Note that C(X) = ℓ∞ (G/H) = L∞ (X, ν). Thus we need
to show that the only G-equivariant unital positive map on ℓ∞ (G/H) is the
identity map. Let ψ : ℓ∞ (G/H) → ℓ∞ (G/H) be such a map. Then ψ ∗ (δH ) is
an H-invariant mean on ℓ∞ (G/H), hence ψ ∗ (δH ) = δH by uniqueness. Since
ψ ∗ is G-equivariant it follows ψ ∗ (δgH ) = δgH for all g ∈ G. Since G/H is dense
in β(G/H) and ψ ∗ is weak* continuous it follows ψ ∗ = id, and consequently
ψ = id.
(2) ⇐⇒ (3) : Note that (2) and (3) are just two formulations of the same
thing, by the deﬁnition of the Stone-Čech compactiﬁcation.
(3) ⇒ (1) : Assume H does not have the spectral gap property, and let φ be an
H-invariant mean on ℓ∞ (G/H) diﬀerent from δH . Then the Poisson transform
Pφ : ℓ∞ (G/H) → ℓ∞ (G) is indeed mapped into ℓ∞ (G/H), and we observe that
Pφ∗ (δH ) = φ. In particular, φ 6= id, which shows H does not have the spectral
gap property.
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(3) ⇒ (4) : The canonical conditional expectation B(ℓ2 (G/H)) → ℓ∞ (G/H)
is G-equivariant and faithful. Hence, it follows from Lemma 2.12 that the
inclusion ℓ∞ (G/H) ⊂ B(ℓ2 (G/H)) is G-tight.
(4) ⇒ (3) : This follows from Proposition 2.2.



Examples of subgroups with the spectral gap property include the following
(see [BK20] for more on these examples):
• SLn (Z) ≤ SLn+1 (Z) for n ≥ 2;
• H ≤ H ∗ K for any non-amenable H and any K with |K| ≥ 3.
Denote by Subosg (G) the set of open subgroups of G with the spectral gap
property.
In [BK20, Theorem A], a representation rigidity result was proved for subgroups Λ ∈ Subosg (Γ) of a discrete group Γ; namely, it was shown that if Υ is a
self-commensurated subgroup of Γ such that the quasi-regular representation
λΓ/Υ is weakly equivalent to λΓ/Λ , then Υ is conjugate to Λ.
Using the self-tightness property of subgroup H ∈ Subosg (G), we see below
that they satisfy a much stronger representation rigidity with themselves.
Definition 3.10. Let π and σ be continuous unitary representations of a lcsc
group G. We say π is barely contained in σ, denoted π Î σ, if there is a
G-equivariant ucp map from B(Hσ ) to B(Hπ ). We say π and σ are barely
b
equivalent, denoted π ∼ σ, if π Î σ and σ Î π.
We observe that if π is weakly contained in σ, then π is also barely contained
in σ, but the converse is very far from being the case. For instance, if G is
b
amenable, then π ∼ σ for any π and σ.
b

Theorem 3.11. Let H, L ∈ Subosg (G). Then λG/H ∼ λG/H iﬀ H and L are
conjugate in G.
Proof. Let ϕ̃ : B(ℓ2 (G/H)) → B(ℓ2 (G/L)) be a G-equivariant ucp map. Restricting ϕ̃ to ℓ∞ (G/H) and then compose it with the canonical conditional
expectation B(ℓ2 (G/L)) → ℓ∞ (G/L), we get a G-equivariant unital positive
map ϕ : ℓ∞ (G/H) → ℓ∞ (G/L). Similarly, we get a G-equivariant unital positive map ψ : ℓ∞ (G/L) → ℓ∞ (G/H).
By Theorem 3.9, both ℓ∞ (G/H) and ℓ∞ (G/L) are G-self-tight, hence ψ◦ϕ =
idℓ∞ (G/H) and ϕ ◦ ψ = idℓ∞ (G/L) . It follows ϕ and ψ are isometric linear
isomorphisms, hence von Neumann algebra isomorphisms. Thus, there is a
G-equivariant bijection G/H → G/L. This implies there exists g ∈ G such
that L = gHg −1.
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Another interesting class of examples of tight measure-classes appear as
atomic measures on the orbit of “parabolic-type points” as follows.
Theorem 3.12. Let Γ be a countable discrete group and Λ a subgroup of Γ.
Assume there exists a minimal compact Γ-space X containing a Λ-ﬁxed point
x0 such that δx0 is the unique Λ-invariant probability measure on X. Then
P
1
(i) The measure ν := ∞
n=1 2n δgn x0 is a tight measure on X, where {gn }n∈N
is a complete set of representatives of Γ/Λ.
(ii) The inclusion given by the Poisson transform Pδx0 (C(X)) ⊂ ℓ∞ (Γ/Λ)
is a Γ-tight inclusion.
Proof. Note that L∞ (X, ν) is Γ-equivariantly isomorphic to ℓ∞ (Γ/Λ), and this
isomorphism on C(X) is the Poisson transform Pδx0 . So, we only need to
prove (ii). For this, we argue similarly as in the proof of Theorem 3.9. Let
ψ : C(X) → ℓ∞ (Γ/Λ) be a Γ-equivariant unital positive map. Then ψ ∗ (δΛ )
is an Λ-invariant state on C(X), hence the point evaluation at x0 by the
uniqueness assumption. Since ψ ∗ is Γ-equivariant it follows ψ ∗ (δgΛ ) = δgx0 for
all g ∈ Γ. This shows ψ = Px0 , hence (ii) follows.

Corollary 3.13. Let Γ y X, Λ ≤ Γ and x0 ∈ X be as in the statement of
Theorem 3.12. Then the inclusion Pδx0 (C(X)) ⊂ B(ℓ2 (Γ/Λ)) is Γ-tight.
Proof. The canonical conditional expectation B(ℓ2 (Γ/Λ)) → ℓ∞ (Γ/Λ) is Γequivariant and faithful. Hence, it follows from Theorem 3.12 and Lemma 2.12

that the inclusion Pδx0 (C(X)) ⊂ B(ℓ2 (Γ/Λ)) is Γ-tight.
4. Applications: intermediate objects
In this section, we use properties of tight inclusions and tight measure-classes
to prove certain rigidity results concerning intermediate operator algebras associated with tight inclusions.
Let A ⊂ B be an inclusion of objects in OAG . By an intermediate object
(for the inclusion) we mean a D ∈ OAG such that A ⊂ D ⊂ B which is also
assumed to be a G-von Neumann algebra in case B is.
Let B ∈ OAG , and let A, C ⊂ OAG be G-invariant C ∗ -subalgebras of B. We
write B = A ∨ C if B is the object generated by A and C; this means if B is
a G-C ∗ -algebra then it is the C ∗ -algebra generated by A and C, and if B is a
G-von Neumann algebra then it is the von Neumann algebra generated by A
and C.
Definition 4.1. We say the inclusion C ⊂ B is co-tight if there is a G-tight
inclusion A ⊂ B such that B = A ∨ C.
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Example 4.2. Let F2 y (Z, m) be an ergodic probability measure preserving
(pmp) action. Then for any generating µ ∈ Prob(F2 ) and any µ-stationary
ν ∈ Prob(∂F2 ), then using Theorem 3.4 and Lemma 2.12, one can show that
the inclusion L∞ (Z, m) ⊂ L∞ (Z × ∂F2 , m × ν) is co-tight.
Example 4.3. If Λ is a subgroup of Γ with spectral gap property, or if it is
a subgroup as in the statement of Theorem 3.12, then it follows from Corollary 3.13 that the inclusion LΓ ⊂ Γ ⋉ ℓ∞ (Γ/Λ) is co-tight, where LΓ denotes
the (left) group von Neumann algebra of Γ, that is, the von Neumann algebra
generated by the left regular representation of Γ.
Recall the notion of G-rigid extension in the sense of Hamana [Ham85]: if
A ⊂ B is an inclusion of G-C ∗ -algebras, then B is said to be a G-rigid extension
of A if the identity map on B is the unique G-equivariant ucp extension of the
identity map on A.
Proposition 4.4. Let G be a lcsc group, and C ⊂ B a co-tight inclusion of
G-C ∗ -algebras. Then B is a G-rigid extension of C.
Proof. By assumptions, there exists a G-tight inclusion A ⊂ B such that B =
A ∨ C. Assume ψ : B → B is a G-equivariant ucp map such that ψ|C = idC . By
tightness, we also have ψ|A = idA . Since ψ is ucp, it follows ψ|A∨C = id |A∨C ,
and this implies the claim.

The following two simple observations show how the notion of (co-)tightness
will be used in this section to prove certain applications, namely in proving
the lack of (weakly) Zimmer amenable intermediate objects in several setups.
Lemma 4.5. Let G be a lcsc group, and let C ⊂ B be a co-tight inclusion of
objects in OAG . If there is a G-equivariant ucp map from B to C, then C = B.
Proof. Assume ψ : B → C is a G-equivariant ucp map. Since C ⊂ B is co-tight,
there is a G-tight inclusion A ⊂ B such that B is generated by A and C. By
tightness of A ⊂ B, the map ψ restricts to identity on A, thus A ⊂ C. Again,
using co-tightness, B = A ∨ C ⊂ C.

Lemma 4.6. Let G be a lcsc group. A co-tight inclusion of objects in OAG
admits no weakly Zimmer-amenable proper intermediate objects.
Proof. This follows from Lemma 4.5 and the obvious fact that any intermediate
object for a co-tight inclusion is also co-tight.
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Below we use standard terminology from ergodic theory of joinings and
relatively measure-preserving extensions. In particular, we use the terminology
introduced and used in [FG10]. We recall that a G-space (Ỹ , η̃) is a joining of
the G-spaces (Y, η) and (X, ν) if both L∞ (Y, η) and L∞ (X, ν) are embedded Gequivarently in L∞ (Ỹ , η̃) and the latter is the von Neumann algebra generated
by these two sub-algebras.
A factor map φ : (Ỹ , η̃) → (X, ν) is said to be relatively measure-preserving
if the canonical conditional expectation is G-equivariant. The more common
deﬁnition in ergodic theory usually uses the adjoint setup and requires equivariance of the disintegration map.
Proposition 4.7. Let G be a lcsc group, X a compact G-space, and let ν be a
G-tight measure on X. Assume that (Ỹ , η̃) is a relatively measure-preserving
extension of (X, ν), and φ : (Ỹ , η̃) → (Y, η) is a G-factor map such that (Ỹ , η̃)
ϕ

ψ

is a joining of (Y, η) and (X, ν). If (Ỹ , η̃) −
→ (Z, ω) −
→ (Y, η) are G-factor maps
ϕ
such that ψ◦ϕ = φ and (Z, ω) is weakly Zimmer amenable then (Ỹ , η̃) ∼
= (Z, ω).
Proof. First, note that the maps φ, ϕ, and ψ yield canonical embeddings of
corresponding L∞ -algebras, which we identify with their images under these
embeddings.
Since (Ỹ , η̃) is a relatively measure-preserving extension of (X, ν), there is a
G-equivariant faithful conditional expectation L∞ (Ỹ , η̃) → L∞ (X, ν). Hence,
by Lemma 2.12, the inclusion C(X) ⊂ L∞ (Ỹ , η̃) is G-tight.
Since η̃ is a joining of ν and η, we have L∞ (Ỹ , η̃) = L∞ (X, ν) ∨ L∞ (Y, η) =
C(X) ∨ L∞ (Y, η), therefore the inclusion L∞ (Y, η) ⊂ L∞ (Ỹ , η̃) is co-tight.
Thus, if L∞ (Z, ω) is weakly Zimmer amenable, it follows by Lemma 4.6 that
L∞ (Ỹ , η̃) = L∞ (Z, ω), and this completes the proof.

In [FG10], Furstenberg and Glasner, in their attempt to formulate an abstract version of Nevo–Zimmer’s structure theorem [NZ20] for stationary actions of higher rank semisimple Lie groups, they introduced and studied the
notion of standard covers. Let us recall that a (G, µ)-space (Ỹ , η̃) is called standard if it is a relatively measure-preserving extension of a µ-boundary. The
Structure Theorem of Furstenberg–Glasner [FG10, Theorem 4.3] states that
for each (G, µ)-space (Y, η), there exists a unique standard space (Ỹ , η̃), called
the standard cover of (Y, η), with the property that there exists a µ-boundary
(X, θ) which is a relatively measure-preserving factor of (Ỹ , η̃), and such that
(Ỹ , η̃) is a joining of (Y, η) and (X, θ). Using this terminology, Nevo–Zimmer’s
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theorem [NZ20] states that for higher-rank semisimple Lie groups many stationary actions are standard. Moreover, in this setup, not only that the spaces
are standard, but the µ-boundary (X, θ) admits a USB model.
Theorem 4.8. Let G be a lcsc group and µ ∈ Prob(G) an admissible measure. Let (Y, η) be a (G, µ)-space with the standard cover (Ỹ , η̃) realized by
the factor maps φ : (Ỹ , η̃) → (Y, η) and φ′ : (Ỹ , η̃) → (X, θ), where (X, θ) is
a µ-boundary and φ′ is relatively measure-preserving. Let (Z, ω) be a weakly
ϕ

ψ

Zimmer amenable (G, µ)-space, and (Ỹ , η̃) −
→ (Z, ω) −
→ (Y, η) are G-maps
such that ψ ◦ ϕ = φ. If, either
(i) (X, θ) has a USB model, or
(ii) the Furstenberg-Poisson Boundary of (G, µ) has a USB model,
ϕ

then (Ỹ , η̃) ∼
= (Z, ω).
Proof. (i) Without loss of generality, we may assume (X, θ) is µ-USB. Then
θ is a tight measure by Theorem 3.4, and therefore the assertion follows from
Proposition 4.7.
(ii) Let (B, ν) denote a USB model of the Furstenberg-Poisson Boundary of
(G, µ). The space (Ỹ , η̃) is weakly Zimmer amenable as it is a G-extension
of a weakly Zimmer amenable space (Z, ω), so there is a G-equivariant ucp
map from C(B) to L∞ (Ỹ , η̃). By Lemma 1.1, there exists a measurable Gequivariant map ρ : Ỹ → Prob(B). Since (B, ν) is USB, it follows from [Mar91,
Corollary 2.10(a)] that ρ is mapped into delta measures, hence a G-equivariant
factor map ρ : (Ỹ , η̃) → (B, ν) (cf. [NS13, Theorem 9.2(1)]). We claim that
φ′ = bnd ◦ ρ, where bnd : (B, ν) → (X, θ) is the canonical G-factor map.
The claim then implies ρ is relatively measure-preserving, hence put us in the
setup of Proposition 4.7, and completes the proof. The claim, indeed, holds
in more generality where USB assumption is not needed. We state this in the
following lemma.

Lemma 4.9. Let G be a lcsc group and let µ ∈ Prob(G) be an admissible
measure. Let (X, θ) be a (G, µ)-boundary, let (Y, η) be a (G, µ)-space, and
ρ : (Y, η) → (X, θ) be a relatively measure-preserving factor map. Then ρ∗ is
the unique normal ucp map from L∞ (X, θ) to L∞ (Y, η).
Proof. Let Φ : L∞ (X, θ) → L∞ (Y, η) be a normal G-equivariant ucp map.
Denote by E : L∞ (Y, η) → ρ∗ (L∞ (X, θ)) the canonical conditional expectation,
which is G-equivariant by the assumption. Then E ◦ Φ is a normal unital
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positive G-equivariant map from L∞ (X, θ) to ρ∗ (L∞ (X, θ)), hence coincides
with ρ∗ by Lemma 3.5. Since E is faithful, it follows ρ∗ = Φ.

Remark 4.10. Note that Lemma 4.9 also implies in the proof of part (ii) above,
that the map bnd is relatively measure-preserving. It is not hard to see that
any relatively measure-preserving factor map between measurable boundaries
is an isomorphism. Thus, the assumption (ii) in fact implies (X, θ) = (B, ν).
In the noncommutative setting, co-tight inclusions appear naturally in the
setting of covariant representations of actions of tight inclusions.
Proposition 4.11. Let Γ be a discrete group and A ∈ OAΓ . Suppose that
(π, ρ) is a covariant representation of (Γ, A) such that the inclusion ρ(A) ⊂
Γ ⋉ρπ A is Γ-tight. Let D ∈ OAΓ be an intermediate object for the inclusion
Cπ∗ (Γ) ⊂ Γ ⋉ρπ A. If there is a Γ-equivariant ucp map from Γ ⋉ρπ A to D, then
D = Γ ⋉ρπ A.
In particular, if D is either weakly Zimmer-amenable or injective, then D =
Γ ⋉ρπ A.
Proof. Note that since the inclusion ρ(A) ⊂ Γ ⋉ρπ A is Γ-tight and Γ ⋉ρπ A is
generated by ρ(A) and Cπ∗ (Γ), the inclusion Cπ∗ (Γ) ⊂ Γ ⋉ρπ A is co-tight. Thus,
the claim follows from Lemma 4.5 and the fact that any intermediate object
for a co-tight inclusion is also co-tight.
The case of weakly Zimmer-amenable D follows from Lemma 4.6. If D
is injective, then there is a conditional expectation E : Γ ⋉ρπ A → D, which is
automatically Γ-equivariant since Γ is in the multiplicative domain of E. Thus,
the claim follows from the above.

∗
We denote by Cred
(Γ) the reduced C ∗ -algebra of Γ, that is, the C ∗ -algebra
generated by the left regular representation of Γ on ℓ2 (Γ).

Corollary 4.12. Let Γ be a discrete group, let A ∈ OAΓ be Γ-self-tight, and
∗
let D be an intermediate object for the inclusion Cred
(Γ) ⊂ Γ ⋉A. If D is either
weakly Zimmer-amenable or injective, then D = Γ ⋉ A.
Proof. By Corollary 2.13, the inclusion A ⊂ Γ ⋉ A is Γ-tight. Hence, the result

follows from Proposition 4.11.
The above corollary applies, for example, in the case A = C(X) where X is
a topological boundary (see Example 2.9).
Corollary 4.13. Let Γ be a discrete group, B a Γ-von Neumann algebra, and
A a weak*-dense Γ-C ∗ -subalgebra of B such that A ⊂ B is Γ-tight. Suppose
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that D is an intermediate Γ-von Neumann algebra for the crossed product, that
is, LΓ ⊂ D ⊂ Γ ⋉ B. If D is either weakly Zimmer-amenable or injective, then
D = Γ ⋉ B.
Proof. By Corollary 2.13, the inclusion A ⊂ Γ ⋉ B is also Γ-tight. Thus, the
result follows from Proposition 4.11.

Next, we prove noncommutative generalizations of earlier results of this
section on intermediate objects in the discrete group case, and apply them to
prove a maximal injectivity result (Corollary 4.17).
We begin with an extension of Lemma 4.6.
Lemma 4.14. Let Γ be a countable discrete group, and C ⊂ B a co-tight
inclusion of objects in OAΓ . Then the inclusion Γ ⋉ C ⊂ Γ ⋉ B is co-tight,
hence, in particular, has no injective or weakly Zimmer amenable intermediate
proper objects.
Proof. By co-tightness, there is a Γ-tight inclusion A ⊂ B such that B = A ∨ C.
Then the inclusion A ⊂ Γ ⋉ B is tight by Corollary 2.13, which then implies
the inclusion Γ ⋉ C ⊂ Γ ⋉ B is co-tight. Hence, arguing similarly as in the
proof of Proposition 4.11, we conclude that the inclusion has no injective or
weakly Zimmer amenable intermediate proper objects.

The following is the noncommutative extension of Proposition 4.7.
Proposition 4.15. Let Γ be a discrete group, X a compact Γ-space, and let
ν be a Γ-tight measure on X. Assume that (Ỹ , η̃) is a relatively measurepreserving extension of (X, ν), and (Y, η) a Γ-factor of (Ỹ , η̃) such that (Ỹ , η̃)
is a joining of (Y, η) and (X, ν). Suppose Γ ⋉ L∞ (Y, η) ⊆ M ⊆ Γ ⋉ L∞ (Ỹ , η̃)
is an inclusion of von Neumann algebras. If M is injective, then M = Γ ⋉
L∞ (Ỹ , η̃).
Proof. As seen in the proof of Proposition 4.7, the assumptions imply that
the inclusion L∞ (Y, η) ⊆ L∞ (Ỹ , η̃) is co-tight. Thus, the result follows from
Lemma 4.14.

The setup of the Proposition 4.15 is quite general, provides large classes of
examples. We single out two interesting cases in the following.
Corollary 4.16. Let Γ be a discrete group and µ ∈ Prob(Γ) a generating
measure such that the Furstenberg-Poisson Boundary (B, ν) of (Γ, µ) has a
uniquely stationary compact model. Then the conclusion of Proposition 4.15
holds in the following two cases, for any Γ-factor map (Ỹ , η̃) → (Y, η):
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(i) (Ỹ , η̃) is Zimmer amenable and is the standard cover of (Y, η); or
(ii) (Ỹ , η̃) = (B × Z, ν × m) and (Y, η) = (B, ν), with the canonical factor
map, for some ergodic pmp action Γ y (Z, m).
Proof. Under the assumptions of part (i), it was shown in the proof of Theorem 4.8(ii) that (Ỹ , η̃) is a relatively measure-preserving extension of (B, ν),
and also is a joining of (Y, η) and (B, ν). Since ν is Γ-tight by Theorem 3.4,
the assertion (i) follows from Proposition 4.15.
Now, assume (ii). Then (Ỹ , η̃) is a relatively measure-preserving extension of
(B, ν), indeed the integration of the Z-component with respect to m is the
canonical conditional expectation L∞ (B × Z, ν × m) → L∞ (B, ν), which is
obviously Γ-equivariant. Also, (Ỹ , η̃) is clearly a joining of (Y, η) and (B, ν).
Thus, assertion (ii) also follows from Proposition 4.15.

The above statements, can be considered as ‘minimal ambient injectivity’
results, and therefore, since the commutant of an injective von Neumann algebra is also injective (regardless of the representation), by taking commutants
in the above inclusions, we obtain (new) examples of maximal injective von
Neumann subalgebras.
In particular, in the product space case as in part (ii) of Corollary 4.16, we
get the following.
Given a non-singular action Γ y (X, ν), we have an action Γ y B(L2 (X, ν))
by inner automorphisms associated with the corresponding Koopman representation.
Corollary 4.17. Let Γ be a discrete group and µ ∈ Prob(G) a generating
measure such that the Furstenberg-Poisson Boundary (B, ν) of (Γ, µ) has a
uniquely stationary compact model. Let Γ y (Z, m) be a measure-preserving
action. Then the von Neumann algebraΓ ⋉ L∞ (B × Z, ν × m) is maximal
injective in Γ ⋉ B(L2 (B, ν))⊗L∞ (Z, m) .

Proof. Assume that N is an injective von Neumann algebra, and that we have
2
∞
Γ ⋉ L∞ (B × Z, ν × m) ⊆ N ⊆ Γ ⋉ (B(L
 (B, ν))⊗L (Z, m)). Taking commu2
2
tants in B ℓ (Γ) ⊗ L (B × Z, ν × m) , we get (see e.g. [Tak79, Proposition
V.7.14]) the inclusion of von Neumann algebras
Γ ⋉ L∞ (Z, m) ⊆ N ′ ⊆ Γ ⋉ L∞ (B × Z, ν × m),

and N ′ is injective. Thus, N ′ = Γ ⋉ L∞ (B × Z, ν × m) by Proposition 4.15,
and hence N = Γ ⋉ L∞ (B × Z, ν × m).
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The above corollary can be of course stated in the more general setup of
Proposition 4.15, but even a special case of the corollary, where Z is the
trivial space, yields a stronger and more general version of Suzuki’s maximal
injectivity result [Suz20, Corollary 3.8]. Our proof strengthens his result as
we do not need splitting property for the crossed products ([Suz20, Theorem
3.6]), which only holds for extensions of free actions. Furthermore, and more
importantly, our proof also avoids the use of Margulis’ Factor Theorem, which
is a deep result concerning higher rank lattices. In particular, it shows that the
source of such rigidity of intermediate von Neumann algebras, is not higher
rank, but the much wider phenomenon of tightness. In fact, we obtain a
large class of new examples of maximal injective von Neumann algebras. As
remarked before, examples of Furstenberg-Poisson Boundary actions with a
uniquely stationary compact model, include: the actions of hyperbolic groups
on the Gromov boundary, linear groups on ﬂag varieties, mapping class groups
on the Thurston boundary, and Out(Fn ) on the boundary of the outer space,
all for suitable µ’s.
Remark 4.18. Similar methods as in the above, but applied in the case of
tight inclusions as in Theorem 3.12 for a subgroup Λ ≤ Γ that is, in addition,
a maximal amenable subgroup, proves maximal injectivity of LΛ in LΓ. Such
examples include for instance, maximal abelian subgroups of free groups. The
result of Boutonnet–Carderi [BC15, Theorem A] covers these examples, but
our methods oﬀer a new approach which may result in new examples in this
setup.
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