Graphene bilayer Moiré lattice with Rashba spin-orbit coupling
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We consider twisted bilayer graphene in the presence of Rashba spin-orbit coupling and explore
the physics of Moiré spintronics. The electronic charge density has a sharp step right at the magic
angles θm . As a result, local spin observables (polarization and equilibrium spin currents) have
sharp peaks (of width about a small fraction of 1◦ ) as a function of the twist angle θ, and abrupt
sign reversals at θm . Thereby, the magic angle can be determined in an unprecedented accuracy.
In the first chiral limit, the spin currents vanish, but the peculiar pattern of the polarization at
θm persists. Major differences result in spintronics of twisted bilayer graphene at magic angles as
compared with the spintronics of single and/or un-twisted bilayer graphene. Thus, in addition to the
numerous spectacular physical phenomena already reported in twisted bilayer graphene at magic
angles, new phenomena also occur in twistronic spintronics.

Introduction: A continuous model for exploring
electronic structure of a twisted bilayer graphene
that form a Moiré lattice was developed in Ref. [1]
and exposed the occurrence of magic angles, θm ,
i.e., twist angles at which the lowest energy band is
relatively flat versus crystal momentum. Their origin was clarified in Ref. [2], while the symmetries
and topological content of this system was analyzed
in Refs. [3–5]. Recent reports have shown that this
system can host correlated insulating states [6, 7],
unconventional superconductivity [8], distinct Landau level degeneracies [9], emergent ferromagnetism
with anomalous Hall effect and quantized anomalous Hall behavior [10–12].
Here (in addition to the spectrum), we expose
the spintronic aspects of this system when it is
subject to a uniform perpendicular electric field
that causes Rashba spin orbit coupling (RSOC)
[13] of strength λ ≈ 1 meV. The Bloch functions
{Ψnk (r)} are evaluated and employed to calculate
local spin observables [polarization and equilibrium
spin currents (ESC)], as a function of the twist
angle θ (at fixed position r), at ε0 (k) (the lowest energy of the conduction band). On varying
the twist angle θ through a magic angle θm , the
density |Ψnk (r)|2 is shown to have a sharp step at
magic angles θm [Fig. 2(a)] and the spin observables have unusual features near θm (such as narrow peaks and dips accompanied by abrupt sign
changes). Specifically: (1) The polarizations Sx and
Sy have sharp peaks (of width ≈ 0.004◦) centered at
θm see Fig. 3. Measuring polarization (and density)
can serve as an excellent tool for determining θm .
(2) The planar components of the ESC Jxx , Jyy , Jxy
and Jyx display sharp peaks and undergo an abrupt
sign change at θm , see Figs. 4 (note that in single
layer graphene, the diagonal elements vanish [14]).
(3) The symmetry Jyx = −Jxy and the equalities
Jxx = Jyy = 0, valid in single layer graphene [14]
are broken. (4) In the first chiral limit, the ESC
vanish but the pattern of the planar polarizations
Sx and Sy have both sharp peaks and sign changes
at θm [see Fig. 5(a)]. (5) In addition, unlike in
single or double un-twisted layer graphene, all spin
observables depend on the position r, implying the
possible occurrence of spin torque [15]. These results establish a direct link between spintronics and
twistronics [16].
Formalism: Consider massless 2D Dirac electrons
in twisted bilayer graphene (lying in the x-y plane
with twist angles ±θ/2) subject to a uniform electric field E = E0 ẑ. Our treatment is carried out
within the continuum formulation near one of the

Dirac points, say K′ . The electron wave number is
k = (kx , ky ) ∈ BZ of the (reciprocal) Moiré lattice.
We denote by τ the isospin encoding the two-lattice
structure of graphene, by η the pseudo-spin operator for the two layers and by σ the operator for
the electron real spin. The pertinent 8 dimensional
Hilbert space is then η ⊗ σ ⊗ τ .
Moiré (reciprocal) Q lattice M: The reciprocal
Moire Q lattice M is defined elsewhere [17] (see
also Fig. 6 in Ref. [3]). Here we briefly introduce it
for the sake of self-consistency. Consulting Fig. 1
and the notation of Fig. 6 of Ref. [3], M is built as
follows: Two-dimensional wave numbers {Q} run
over the two valleys, K (Qr ) and K′ (Qb ) points
of the hexagonal lattice. Adjacent points of different colors are connected by three vectors {qj }.
|qj | = KD = 2kG sin(θ/2) is the reciprocal lattice constant joining Dirac points K and K′ , in
which kG is the reciprocal lattice constant of a single graphene sheet. The coordinates of the Q points
are fixed as follows: Each point in Fig. 1 (either red
or blue dot) is determined by two integers, (n, m).
Taking the Γ point as origin, we have −∞ < n < ∞,
and 1 ≤ |m| < ∞ in units of KD . Straightforward
calculations yield,
(
√
[(n − (m + 1)m2 /2) 3, 12 (3m − 1)] (m > 0),
√
Qr =
[(n − mm2 /2) 3, 21 (3m + 2)] (m < 0).
(
√
[(n − mm2 /2) 3, 21 (3m − 2)] (m > 0),
√
Qb =
(1)
[(n − (m + 1)m2 /2) 3, 21 (3m + 1)] (m < 0),
where m2 ≡ mod 2. In principle, all points {Q}
are coupled in the eigenvalue problems introduced
below. Practically, a reasonable cutoff in the Moiré
reciprocal lattice is |Q − Γ| ≈ 6KD , see the circle
in Fig. 1. This choice keeps the symmetries studied
in Ref. [4]. There are 50 red points Qr and 50 blue
points Qb inside the circle. Multiplying the number
of points (100) by the space dimension (8) result in
Hamiltonian matrix of dimension N =800. Below
we will use c = r, b to specify color. The reciprocal
triangular lattice composed solely of points {Qc } is
denoted as Mc .
Inclusion of RSOC and the Hamiltonian: RSOC
is introduced using an SU(2) vector potential,
A = [σ × ẑ].

(2)

The Hamiltonian in r space, H = H0 (r) + H1 , with
H0 (r) = η0 ⊗ [−iσ0 ∂r + λA] · τ
− θ2 ηz [(−i)σ0 ∂r + λA] × τ ,
H1 = η − σ0 T † + η + σ0 T,

(3)

2
The eigenvalue equation for the vector a, employs
the Bloch representation of the Hamiltonian in the
presence of RSOC:
Han (k) = εn (k)an (k),

HQ,Q′ = V † HQ,Q′ V,
Z
′
1
e−iQ·r H(r)eiQ ·r dr.
HQ,Q′ =
A

(6)

Each element HQ,Q′ is an 8 ⊗ 8 matrix in η ⊗ σ ⊗ τ
(pseudospin-spin-isospin space), so the Hamiltonian
matrix has dimension N ×N (N = 100 × 8 = 800).
0
1
+ HQ,Q
We decompose HQ,Q′ = HQ,Q
′ as follows:
0
HQ,Q
(k) = η0 ⊗ [σ0 p + λA] · τ

− 21 θ ζQ δQ,Q′ ηz ⊗ [σ0 p + λA] × τ

†
1
−
+
HQ,Q
⊗ σ0 TQ,Q
⊗ σ0 TQ,Q′ ,
′ (k) = η
′ + η

FIG. 1. Moiré reciprocal Q lattice. The distance between
two adjacent points is KD and the cutoff [marked by a circle of radius 6KD centered at the Γ point], includes 50 red
points Qr ∈ Mr and 50 blue points Qb ∈ Mb . Referring to
Eq. (1), at the Γ point, (m, n) = (0, 0). The three vectors
{qj } determine the ”nearest neighbor” coupling between the
spectrum in Fig. 2 is shown for
two layers, see Eq. (7). The
√
k ∈ K ≡ [0 ≤ kx ≤ kD 23 , ky = 0], joining the Γ and MM
points (bold violet segment). For twist angles around 1◦ ,
KD = 0.262726 (nm)−1 . Spin observables are calculated for
(kx = 0.05, ky = 0) ∈ K.

is the extension of the Hamiltonian introduced in
Eq. (1) of Ref. [4], with RSOC included. Here λ,
which is proportional to E0 , is the RSOC strength,
and T is a 2×2 matrix in τ space (see below).
Hamiltonian in the Bloch basis: Recall that k ∈
BZ is the Moiré lattice wave number, and denote
by pc = k − Qc , the shifted wave numbers with
Qc ∈ Mc , (c = r, b). Basis eigenfunctions of H0 (r)
are eipc ·r vi (pc ), where {vi (pc ), (i = 1, 2, . . . , 8} are
the eight dimensional eigenvectors of the 8×8 matrix obtained after replacing −i∂r → pc in Eq. (3).
The corresponding energies are ǫi (pc ). Putting together these eight column eigenvectors defines an
8×8 eigenvector matrix v(pc ). Both vi (pc ) and
ǫi (pc ) are expressible analytically. A Bloch eigenfunction of H (an 8 dimensional vector), is expanded in plane-wave spinors {e−iQc ·r w(pc )} [defined in Eq. (4)] as,
eik·r
Ψk (r) = √ [ur,k (r) + ub,k (r)] ,
A
8
X
X
ai (pc )vi (pc )], (4)
uc,k(r) =
e−iQc ·r [
Qc ∈MQc

i=1

|

{z

w(pc )

}

where A is the area of a unit cell (Moiré hexagon) in
position space, and {ai (pc )} are N (yet unknown)
coefficients. The functions {uc,k(r)} are dimensionless, and periodic on their respective triangular
(Bravais) lattices in r space. The Bloch functions
{Ψk (r)} and the coefficients {ai (pc )} should carry
also a band number n that is occasionally omitted
for convenience.
Two notational definitions are useful: (1) The
100 8×8 matrices {v(pc )}, are used to form an
N ×N block diagonal matrix
V ≡ diag [v(pc )], pc = k − Qc , Qc ∈ Mc . (5)
| {z }
8×8

(2) The N unknown coefficients on the RHS of
Eq. (4) are arranged to form a vector (of N components) a ≡ {ai (pc )}), where i = 1, . . . , 8.

TQ,Q′ = Σ3j=1 [δQ−Q′ , qj + δQ′ −Q , qj ]Tj
i
h
(4j−3)π
x̂
+
sin
ŷ
,
qj = KD cos (4j−3)π
6
6

Tj = w0 τ0 + w1 [cos 2π(j−1)
τx + sin 2π(j−1)
τy ],(7)
3
3
which is the extension of Eq.(A3) in Ref. [4]. In
0
HQ,Q
(k) the color index is omitted from Q and p,
1
and ζQ = 1 for Qr and -1 for Qb . In HQ,Q
′ (k)
the two wave numbers have different colors. As
far as the spectrum is concerned, diagonalization of
HQ,Q′ is sufficient. For calculating wave functions,
the eigenvectors {a} are required from the solution
of the first of Eq. (6), to be used in Eq. (4).
Results: The spectrum {εn (k)} depends on the
potential parameters w0 , w1 , θ, λ. It is√ calculated
on the segment k ∈ K ≡ [0 ≤ kx ≤ kD 23 , ky = 0],
joining the Γ and MM points in the Moiré Q lattice (see Fig. 1(b) in Ref. [3]). The spin observables
depend on k and, (unlike the case of un-twisted
layers), on the position r = (x, y) in the unit cell
(due to the presence of the coupling matrices {Tj }).
We use the following parameters: kG = 15.0533
(nm)−1 [2], w0 = 77.0371 meV, w1 = 110.053 meV
λ = 1.0544 ≈ 1 meV (see Ref. [20]). For twist
angles around 1◦ , KD = 2kG sin θ2 ≈ 0.262726
(nm)−1 . The spin observables are calculated for
fixed k = (kx , ky ) = (0.05, 0) (nm)−1 , just to the
right of the Γ point (recall that on the Γ point the
spin observables vanish), and at r = 0, (the center
of the graphene unit cell).
Our first task is to find the magic angle θm . There
are different criteria for its determination, such as
vanishing of the Dirac speed, minimal bandwidth,
or maximal band gap to higher bands. Minimal
bandwidth means: Let ε0 (k, θ) > 0 denote the lowest conduction band energy for k ∈ K. Then θm is
the twist angle that minimizes the difference
d(θ) ≡ {Max[ε0 (k, θ)] − Min[ε0 (k, θ)]} .
|
{z
}
k∈K

Here we suggest yet another criterion: θm is the
twist angle at which the density |Ψ0k (r)|2 displays
a sharp step [as in Fig. 2(a)], and, consequently,
spin observables have narrow peaks and/or undergo
a steep sign change [as in Fig. 3 for polarizations
and Figs. 4(a,b) for ESC]. These criteria yield
θm = 1.0983◦ for which d(θm ) ≈ 0.098 meV. The
spectrum of several levels above and below the flat
band is plotted in Fig. 2 when RSOC is present. In
this figure λ ≈ 10 meV is intentionally taken to be
an order of magnitude larger than realistic values in
order to make the SO splitting clearly visible. For
the parameters specified above, and wave number
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FIG. 3. Planar polarizations Sx and Sy [defined in Eqs. (9)
and Eq. (8)], in the lowest positive energy state for (kx , ky ) =
(0.05 nm−1 , 0) (i.e., to the right of the Γ point) versus twist
angle θ. The sharp peaks (of width ≈ 10−4 degrees) determine the magic angle θm = 1.0983◦ , which is then used to
compute the spectrum plotted in Fig. 2.
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FIG. 2.

(a) Dimensionless Bloch function density
A|Ψ0k
for k = (0.05, 0) (nm)−1 and λ = 1 meV showing a step at θm = 1.0983◦ (A similar step with the same
θm occurs also for λ = 0). (b) Low energy spectrum of
twisted bilayer graphene at θm for k ∈ K in the presence of
RSOC. Here λ ≈ 10 meV is intentionally enlarged so that
the SO splitting is clearly visible. As λ → 0, the RSOC
splitting shrinks and the level pattern is identical with that
of Fig. 1(d) in Ref. [3]. The bandwidth at ε = 0 is 0.098
meV, and the gap to the next band is ≈ 43 meV.
(0)|2

k = (0.05, 0) (nm)−1 , the four lowest energy levels
in the conduction band are [1.33006, 1.33006,
1.32825, 1.32825] meV (i.e., they are composed of
two pairs of degenerate levels). However, compared
with the RSOC energy strength λ ≈ 1 meV, the
spacing between the two pairs is very small (a
few µeV). Hence, one can regard them as four
degenerate levels.

O(r) =

1
m

m
X

Ψ†kn (r)ôΨkn (r),

(8)
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where the Bloch functions are defined in Eq. (4).
Polarization: First, consider the polarization, for
which the pertinent operator to be inserted in
Eq. (8) is,
ŝ =

n

0.0

)

Spin operators and spin observables: Our main
goal is to elucidate the spintronics of twisted bilayer graphene. This requires calculation of local
spin observables in terms of Bloch functions, defined in Eqs. (4)-(7). Spin operators ô are 8×8 matrices in η ⊗ σ ⊗ τ space. In case of m-fold degeneracy, the m degenerate eigenfunctions contribute
incoherently to the local spin observables {O(r)},
(specifically, spin polarization and ESC). Explicitly,

which needs to be inserted into Eq. (8) in order to
calculate the observed ESC, Jij . The perpendicular
components vanish, Jzx = Jzy = 0, but the planar
components are finite. The diagonal planar components Jxx , Jyy , are plotted in Fig. 4(a), while the
non-diagonal planar components, Jxy and Jyx are
plotted in Fig. 4(b). The steep sign reversal occurs
at the same angle θm = 1.0983◦, for which the polarizations have dips. In single layer graphene [14]
it is found that Jxx = Jyy = 0 and Jxy = −Jyx .
Here, these relations and symmetries are broken.
Chiral limits: References [2–5] showed that in the
continuous model of twisted bilayer graphene there
is an approximate anti-unitary particle-hole symmetry operator P that becomes almost exact in the
)
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Equilibrium spin current: Here, in addition to
the spin operator ŝ, we need to introduce also the
Dirac velocity operator v̂ = η0 ⊗ σ0 ⊗ τ . The spin
current (tensor) operator is,

⊗ σ ⊗ τ0 .

(9)

As shown in Fig. 3, the planar polarizations Sx and
Sy have very sharp dips at θm = 1.0983◦ (this angle
was used in evaluating the spectrum in Figure 2).
It is remarkable (and experimentally important) to
note that for λ ≈ 1 meV, the polarization reaches
about 0.50~. Away from θm , Sx and Sy are almost
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FIG. 4. Spin currents in the lowest (positive) energy state
for (kx , ky ) = (0.05 nm−1 , 0) (to the right of the Γ point),
are shown as function of the twist angle θ. (a) Jxx and
Jyy . (b) Jxy and Jyx . Sharp peaks occur at θm = 1.0983◦ ,
accompanied by steep sign changes.
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the occurrence of the coupling matrices {Tj } imposes it. Hence, all spin observables depend on the
position r, implying the possible occurrence of spin
torque [15]. But qualitatively, the pattern of spin
observables described here for r = 0 occurs for every r and at the same value θm . (5) Our results
pertaining to the chiral limits suggest an extension
of the particle hole symmetry discussed in Refs. [3–
5].
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FIG. 5. Results in the first chiral limit. (a) Polarizations Sx
and Sy in the chiral limit w0 → 0 for k = (0.05, 0) (nm)−1 .
Other parameters are as in Fig. (4). This pattern predicts a
magic angle θm = 1.0845◦ . (b) The magic angle θm is then
used in calculating the spectrum at λ = 0 leading to a flat
band at zero energy of width 0.01 meV, and hence, particle
hole symmetry is almost exact. For λ = 1 meV there will be
a small SO splitting that is invisible on this scale.

(so called first chiral limit), w0 → 0. In the presence of RSOC, it is anticipated that this operator
satisfies, PH(k, λ)P −1 ≈ −H(−k, −λ), where the
matrix elements of H(k, λ) are given in Eq. (7).
We find that in this limit, the ESC vanish, but,
as shown in Fig. 5(a), the sharp peaks and steep
sign reversal pattern of Sx and Sy persists, albeit
at somewhat smaller magic angle. That is, θm depends very weakly on w0 (here θm = 1.0845◦ while
for w0 =77 meV, θm = 1.0983◦). Note the (almost)
exact particle-hole symmetry. In the so called second chiral limit, w1 → 0 and w0 > 0, the system
is found to be in a metal phase [3]. In particular,
there is no flat band at zero energy, so it does not
concern us here.
Summary: We explored the spin physics of electrons in twisted bilayer graphene and showed that
spin observables have a remarkable behavior upon
passing through a magic angle θm , as illustrated
in Figs. 2-5. Explicitly, for the parameters w0 , w1
used here (and elsewhere), λ ≈ 1 meV, (kx , ky ) =
(0.05, 0) (nm)−1 , it is found that: (1) The planar polarizations Sx and Sy have sharp dips at
the magic angle, at which |S| ≈ 0.5~ (despite the
small value of the RSOC strength λ ≈ 1 meV). (2)
The planar ESC undergo a steep sign reversal sharp
peaks at the magic angle. Both properties (1) and
(2) determine the magic angle θm = 1.0983◦ with
very high precision. With this angle, the criteria of
narrow band and large gap are convincingly satisfied, see Fig. 2(b). (3) Symmetry relations among
ESC components valid in single layer [14] and untwisted bilayer graphene are broken in the twisted
system. (4) Unlike in untwisted system wherein the
continuous model does not impose periodicity, here,

Thus, in addition to the association of magic angles with flat bands, correlated insulating states,
unconventional superconductivity, ferromagnetism
with anomalous Hall effect and distinct Landau
level degeneracies, they are also relevant to the
pertinent spin physics. Following the recent developments in the research of monolayer and (untwisted) multilayer graphene spintronics [23, 24], we
expect our study of twistronic spintronics to stimulate experimental and further theoretical work on
the emergent field of Moiré spintronics. This expectation is supported by the fact that the spin
observables calculated here can be measured using
spin and angle-resolved photoelectron spectroscopy
[25, 26] and polarized light scattering [27].
We are grateful to Rafi Bistritzer, Zhi-Da Song,
Pilkyung Moon, Alex Kruchkov and Ady Stern for
useful discussions.
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